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Abstract. This paper concerns with 2-agents coordination games—we
call them paradigms of coordination. To coordinate, agents’ behaviour
must eventually stabilize to a set of basic formulas that express a suit-
able part of agents’ “nature”. Four paradigms are advanced and dis-
cussed. Several new perspectives are provided to coordinating agents.
Coordination via belief revision and cooperation by team work are two.

1 Introduction

A real problem in extending single agent systems to cooperative settings is de-
termining methods of coordination. However, agents may be based on different
languages, they may have different behaviours, they may use different repre-
sentations of information and reasoning strategies, and they may have different
interaction capabilities. We will refer to all this as to the coordination problem.
Investigations into the coordination problem can be divided into three general
classes: those based on convention, those based on communication, and those
based on learning. Some example in the first class was given in AT by Shoham and
Tennenholtz [25, 24], where some social laws or ‘conventions’ [11] are imposed by
the system designer (see also [20]) so that optimal joint action is assured. In the
second class, agents’ coordination is based on communication (see for instance
[28]). This second class might be thought as a special case of the normative class,
where the communication language is assumed to be the convention. So, what
makes this class different is rather the emphasis it gives to the communicative
agents’ skills with regard to agents’ coordination problems. In this class, it does
make sense to speak about failure messages that prevent the agents from coor-
dinating (see for instance [30] for some further remarks and references on the
infulence of the speech act theory in communication). In the third class, coor-
dination might be learned through repeated interaction (see for instance [2,22,
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29] and the bibliography cited). It is evident that the coordination problem is
central in several contemporary disciplines like Sociology, Artificial Intelligence,
Game Theory, Computer Science. We shall not here attempt to synthesize this
vast literature save to remark that a general understanding of the conditions
under which coordination can be achieved, and exactly how it relates to agents’
learning ability and their background knowledge and beliefs, are problems that
have not yet been thoroughly explored.

Our ultimate goal is to provide a framework and a methodology which will
allow us to investigate the coordination problem from a learning-by-discovery
[29] perspective. To achieve this goal, we need a suitable formalism. We focus on
the model-theoretic tradition of Formal Learning Theory—say [23,7,19,18,12],
that descends from the pioneering studies on inductive inference developed by
[27,21,8,1]. The work in the recursive-theoretic tradition concerns algorithms
for inferring recursive functions from finite samples of their graphs, and has been
adapted successively to characterize abstract languages in the limit. The model-
theoretic tradition is more recent; its main aim is to provide a formal framework
for learning first order theories and models. The recursive-functional approach
to learning has been extended to characterize recursive functions by means of
coordination in the limit. A natural question is whether a similar framework
can be developed to investigate the coordination problem. What follows is an
attempt to present such a conception, and to describe what place coordination
has within it. There are many definitions, some remarks, no theorems, and a
great deal left to be investigated.

Our discussion begin in Section 2 with an intuitive idea of the coordination
problem we are thinking on. In Section 3 we then proceed by presenting the
logical framework. Four paradigms of coordination are advanced. We conclude in
Section 4 with a discussion of several issues that promise to make the boorderline
between formal learning theory and agent theory an exciting area of research for
the foreseeable future.

2 Coordination as a 2-agents game

We start with a concrete example intended to help the reader interpret some
of the abstract concepts described later. Thus, we can image two “worlds-based
agents”, say Alfonso and Barbara, whose “background world” is represented by
two nonempty classes of structures A and B of a given signature, and whose
aim is to coordinate, e.g. to solve a common problem. For doing this, Alfonso
and Barbara try to communicate with each other in order to respectively end
up with a description of two structures A4 € A and B € B such that A is suf-
ficiently close to B and B is sufficiently close to A. We expect that the more
Alfonso is like Barbara, the better chance Alfonso and Barbara have of reaching
coordination. To dramatize, let us suppose that each agent does not know the
“background world” of the other agent, and that agents were never before in a
similar situation, so they cannot rely on past experience to solve their coordi-
nation problem—no common knowledge arises between agents despite of their



common language. This “drama” is indeed a basic ingredient of what we called
the coordination problem. We also image that the agents are “rational” (e.g. in
their “communication ability”) and both know that joint cooperation is better
than joint defection, but each has no idea what sort of agents the opponent is.
Alfonso and Barbara’s decisions have a strategic component. Since strategic in-
teractions are best modeled by game theory, we image the agents’ coordination
problem as a form of 2-players game, which we qualify as a coordination game.

To start the game, Alfonso is conceived as choosing one member from A to
be his “actual world”; Alfonso’s choice is initially unknown to Barbara. Alfonso
then provides a “clue” (the Alfonso’s behaviour) about his world. Barbara does
her choice as well (we image the game is synchronous, i.e. both agents are not
taking turns but rather are choosing simultaneously), and provides Alfonso with
a clue about her actual world. We can assume that Alfonso and Barbara are
allowed to change their actual world at each step of the game, provided that they
remain coherent with the behaviour they have shown since then. Clearly, it is
safe to begin with a behaviour coherent on many worlds in the class. In this way,
if say Alfonso realizes that the structure he has in mind, i.e. his actual world,
is not close enough to Barbara’s world, he can change it, and vice versa. Agents
may provide “bad clues”, in principle. Thus, we can consider a paradigm of
coordination-by-failure according to which an agent can give to the other agent
a ‘failure message’. In such a case, the agents are allowed to start the game
again from the beginning. Of course, to reach coordination this should occur
only finitely often. Alfonso’s clues constitute the data upon which Barbara will
base her hypotheses on Alfonso’s background world, that eventually become
themselves a clue for Alfonso about Barbara’s world. And so forth. Each time
Alfonso provides a new clue, Barbara may produce a new hypothesis, and a
new clue for Alfonso as well. Alfonso and Barbara win the game—and we say
that they solve their coordination problem, if the successive clues about their
own background worlds eventually stabilize to a consistent set of hypotheses
satisfiable in one of the other agent’s worlds. Both lose otherwise. As a necessary
condition for winning, each agent’s behaviour must be consistent with agent’s
own background world.

3 Logical framework

Five concepts figure in the foregoing game-theoretic picture of coordination:
worlds, agents, clues, descriptions, success. We formalize them as follows.

Notation. We fix a (countable, decidable) first-order language Ly,,n, with vocab-
ulary £ and countable set of variables Var. Unless stated otherwise, £ and Var
will remain fixed. We use Le, and Lpgsic to denote, respectively, the set of sen-
tences (or closed formulas, that is no free variables occur) and the set of literals
(or basic formulas) of Lform. We are particularly interested in the collection of
all the finite sequences over Lp.sic- We denote such collection by SEQ. Some
further notation is as follows. The set {0,1,2,...} of natural numbers is denoted
by N. If X is a set, pow(X) is the set of all subsets of X and XV is the set of



infinite sequences over X. A sequence in X¥ is called an w-sequence (over X).
Let 7 be an w-sequence. We write 7(7), ¢ € N, for the finite sequence {79 ... 74),
and 7|; for the proper initial segment of length 4 in 7. We write length(n) for the
length of a finite sequence and 7, for the ith element of 5, 0 < i < length(n).
We write range(n) for the set of elements of any sequence. We denote the finite
sequence of length zero by 0.

Otherwise, our semantic notions are standard.! In particular, £-structure S
is a model of I' C Lform, and I' is said to be satisfiable in S, if there is an
assignment h : Var — |S| with S | I'[h]. I is satisfiable if it is satisfiable in
some structure. The class of models of I" is denoted: MOD(I").

3.1 Worlds

We begin to give substance to our view of coordination by representing the
possible realities, or “worlds”, where the coordination problem may arise. By
world we shall here mean any countable structure that interprets £. Worlds
may be conceived as the “possible truths” for the agents. We are interested
in aggregations of such worlds, namely, countable collections of worlds. These
collections may be intuitively thought as the set of realities of a given agent. To
see how, we must first say what we mean by an “agent”.

3.2 Agents

What has to be termed agent and what does not is a long debate in Artifi-
cial Intelligence (see for instance [5]; also [30] for a survey). Here we do not
try a full explanation of our conception of “agent” from this more general per-
spective. In the sequel, rather, agents are conceived as systems that examine
(partial) evidence coming from other agents’ behaviours or empirical data and
emit hypotheses and clues. Agents are possibly bounded-resource systems and
can fail on some input. We shall address some question about bounded-resource
agents later in this paper, with the proviso that a deeper discussion of “real”,
say computable, agents is to come.

To formalize the mixture of data and failures we need, let us extend £ with
the symbol L for ‘message failure’. We will thus be interested in the collection
of all the finite sequences whose elements are basic formulas and L. We denote
such collection: FSEQ. Any member o of FSEQ is to be interpreted as a finite
evidence available to agents at time ¢ = length(o). Thus, ¢ may be thought as an
“evidential status” or a “situation” that recapitulate the information available to
agents about an underlying world at a certain moment of observation. Note that
FSEQ is countable, because of Lpqs;c does. We now record the official definition
of “agent”.

Definition 1. A (basic) agent is any mapping from FSEQ to Lpgsic U {L}.

! See for instance [14] for a standard reference.



We say that L is the agent’s language. A basic agent might be partial or total,
recursive or nonrecursive. Thus, agents examine data recorded in a finite repre-
sentation and emit hypotheses or “clues” about the world to be represented by
the data, or also they “suspend the judgement” by saying L. For o € FSEQ be-
ing the input of agent ¥, ¥’s output ¥ (o) represents ¥’s behaviour with respect
to the sequence o of facts observed. In particular, ¥ (o) = L may be interpreted
as ¥’s “suspension of coordination” if o collects the clues from some agent’s
output, and as “suspension of the judgement” if o collects data elsewhere, say
from Nature.

Agents as functions are not enough. Indeed, agents of Definition 1 do not
capture the basic ingredients of agency (see for instance, [30] and the references
cited there). Moreover, according to the intuitive picture drawn in Section 2,
when faced with any coordination problem an agent is conceived as trying to
coordinate to the other agent advancing successive clues about his or her own
“background world”. If an agent realizes that his “actual world” (i.e. the world
he “has in mind”) is not close enough to some world of the other agent, he can
change his actual world or break off the coordination process by playing L. To
state all this precisely, basic agents must be restricted to “worlds-based agents”.
We rely on the following definition.

Definition 2. Let ¥y be a basic agent and A be a nonempty class of worlds.
We say that ¥ = (¥o, A) is a worlds-based agent.

For all 0 € SEQ, we then write ¥(o) for ¥y(o). Moreover, to shorten the ter-
minology we allow ourselves to say “(¥p,A) is an agent” in place of “(¥,, A)
is a worlds-based agent”. The class of all such worlds-based agents is denoted:
A. As basic agents, worlds-based agents may be computable or noncomputable.
Of the two components of ¥, ¥, is said to be the communication ability of ¥
and A is said to be the background world of ¥. We also say that ¥ is based on
A. To fix intuitions one might think of a background world as representing the
agent’s belief space. In this case, background worlds generalize the scientist’s
“mono-world” habitat of the first-order paradigm of inquiry [13]. Thus, the sci-
entist’question: “What is true in my world?” (cf. [13], p. 63) might be generalized
here as: “What is true in my and your world?”. This “your” is indeed a funda-
mental motivation that underlines our work on coordination in a whole, and the
further developments in this paper.

3.3 Environments, enumerations, descriptions

We consider the information made available to agents. This information is of
two different kinds, and comes from environments and descriptions as defined
below. We assume to have a full assignment to all worlds we will consider in
the sequel.? Our formulation of environments is a restatement of [19] (Definition
3.1A).

2 The notion of full assignment we use is standard. For structure S, a full assignment
to S is any mapping of Var onto the domain of S. See for instance [3] for a reference.



Definition 3. Let w-sequence e over Lygsic, L-structure S, full assignment h to
S and nonempty class of worlds K be given.

(a) e is a (basic) environment.

(b) e is for S via h just in case range(e) = {8 € Lpasic | S E Blh]}.

(c) e is for K just in case e is an environment for some S € K.

Thus, an environment is a sequence of increasing, consistent or inconsistent sets
of basic formulas. In particular, an environment for S (via full assignment h) lists
the basic diagram of S using h to supply temporary names for the members of
|S|.? Finite initial segments of environments thus recapitulate the information
available to a single agent about the underlying structure of evidence at a certain
time of observation.

Enumerations. When an agent is involved in a coordination game, environments
take the form of the (finite, consistent) behaviour of the opponent. We now con-
sider this second kind of information. In contrast to environments, information
by enumeration is “active” as it comes from interacting agents. Of course, this
is possible only for systems with more than one agent. Hence, we suppose there
are at least two agents around.* Agents should be made able to manage infor-
mation from different information sources as environments and enumerations.
Otherwise, only one-way interaction is possible, that is the interaction between
the agent and his “passive” environment. Notice that the information we are
looking for does not depend on worlds, but only on the communication abil-
ities of the agents. Thus, next terminology involves basic agents only, leaving
worlds-based agents out for further developments.

Definition 4. Let agents ¥ and ¢ be given.

(a) The enumeration from ¥ and & is the pair [1 , ¢| of w-sequences defined
by induction as follows: vy = ¥(0) and ¢g = ®(B). Let 1(n) = (g ---1,) and
¢(n) = (bg- - ¢n). Then, we define 1, =¥ (p(n)) and ¢,y = B(¢P(n)).

(b) Let k € N be given. The enumeration from ¥ and & starting at k is the
pair [E(k) ,5(@], where @(k) and E(k) are obtained from v and ¢ by deleting the
first k + 1 elements.

The following terminology will also be useful. Let agent ¥ be given. We say that
w-sequence v is an enumeration from ¥ just in case [J,a] is the enumeration
from ¥ and & for some agent . We say that 1) is an enumeration just in case v is
an enumeration from ¥. We say that [ , @] is the enumeration from worlds-based
agents (¥o, A) and (g, B) just in case [, @] is the enumeration from ¥, and
&y. To return briefly to the game-theoretic meaning of coordination, let us note
that an enumeration [t , @] is the play in a coordination game between agents ¥
and @. It follows directly from the definition of enumeration that coordination
games are infinite games. Nevertheless, it is important to observe that finite
coordination games are possible, and even useful when modeling coordination
phenomena within real systems.

3 We use “basic diagram” as “diagram” in the sense of A. Robinson; see e.g. [3].
4 To simplify matters, we consider here systems of ezactly two agents.



Descriptions. There are several ways in which agents (¥, A) and ($y, B) may
stabilize to a consistent behaviour. To coordinate, agents’ successive conjectures
must eventually stabilize to a set of formulas that gives them a sufficiently ac-
curate information about one of other agent’s worlds. Two concepts must thus
be defined: “stabilization” and “sufficient accuracy.” Stabilization comes first.

Definition 5. Let k € N, agent ¥ and nonempty class of worlds K be given.
(a) ¥ ultimately describes K just in case enumeration v is an environment
for some S € K.

(b) ¥ ultimately describes K starting at k just in case enumeration ¢( ) 18
an environment for some S € K.

In these cases, ¥ and E(k) are said to be full descriptions for K.

If 4 or E(k) is an environment for some world, ¥ eventually reaches the nec-
essary information to coordinate. Full descriptions are a kind of information
made explicit by some agent, and represent the formal, “active” counterpart of
the information provided to agents by “passive” environments. However, this
information is not sufficient to coordinate, as we see in next section.

3.4 Success criteria.

By Definition 5 we give a meaning to “stabilization for an agent in a coordination
game”: An agent stabilize if he or she eventually ends up with an enumeration
that is an environment for some world, viz., a full description. How “accurate”
such a description have to be to coordinate is the meaning of next definition.

Definition 6. Let n,k € N, agents (¥o,A), ($o,B) and enumeration [, @)
from (To, A) and (g, B) be given.

(a) (¥, A) cognitively matches with ($o, B) at n just in case 1)(n) is satis-
fiable in some B € B and $(n) is satisfiable in some A € A.

(b) (Tg,A) cognitively matches with ($¢,B) at n starting at k& < n just
in case ¥ k (n) is satisfiable in some B € B and ¢ k (n) is satisfiable in some
A€A.

Observe that A and B may depend on n. Moreover, “cognitively matches with” is
a reflexive and symmetric binary relation (on A). Definition 6 takes two agents
to be cognitively matched at some time of the play if there exist two worlds,
one for each agent’s background world, which satisfy the enumeration provided
so far in the play by the other agent. Our conception of coordination simply
extends the idea to agents that hold consistency, i.e., agents that ultimately
describe some world. What background worlds can provide worlds-based agents
to coordinate? To answer that we must first say what we mean by the question.
We will distinguish four senses in which two agents could be said to coordinate. In
what follows, f, s, l and mf may be read as “full,” “slow,” “local,” and “message-
failure,” respectively.



Definition 7. Let agents (&g, A), ($o, B) and enumeration [, ] from (Fg, A)
and ($g,B) be given.

(a) Let K be a nonempty class of worlds. (¥o, A) and (®q,B) lf-coordinate
Just in case both (¥q,A) and ($o,B) ultimately describe some K and for every
n € N, 1(n) is satisfiable in some A € A, (n) is satisfiable in some B € B and
(Po, A) cognitively matches with ($g,B) at n.

(b) (¥y, A) and (Pg, B) fcoordinate just in case (¥q, A) ultimately describes
A, ($g,B) ultimately describes B and for every n € N, (¥g, A) cognitively
matches with (P9, B) at n.

(c) Ty, A) and ($g,B) sf-coordinate just in case for some k € N, (¥p, A)
ultimately describes A starting at k, ($o, B) ultimately describes B starting at
k and for alln > k, (¥o,A) cognitively matches with (9, B) at n starting at k.

(d) Suppose that for almost alli € N, ; # L and ¢; # L. Let k be mazimal
such that either ¢, = L or ¢, = L. (¥o, A) and ($o, B) mf-coordinate just in
case (Po, A) ultimately describes A starting at k, (Do, B) ultimately describes B
starting at k and for all m > k, (¥o, A) cognitively matches with ($o,B) at n.

4 Discussion

“Local full” coordination is the most liberal paradigm, and provides us a model
for the more popular problem of coordination between agents. By local coordi-
nation agents are allowed to fully describe an arbitrary but common world. In
this case, one would say that agents take an agreement on that world. The infor-
mation on the background world that each agent gives to the other agent is thus
assured by adding the request for each agent’s output to be finitely consistent
with some world in his or her own background world. A question is what classes
A, B and K allow agents to lfcoordinate. Of course, a similar local paradigm
may be defined as a generalization of sf-coordination. “Full” coordination is a
stringent version of local coordination, where each agent must provide a full de-
scription of a world in his or her own background world in place of an arbitrary
world taken from the class of all worlds. “Slow full” coordination is a paradigm
of coordination by failure. Agents are free to stabilize to a suitable description
of their worlds after a finite number of failures (disagreements). For this rea-
son, we qualified this paradigm of “slow” coordination. sf-coordination arises if
agents fail to communicate their clues in the play. According to this paradigm,
agents can restart finitely many often, but after the last failure message they
must eventually coordinate. The last paradigm, mf-coordination, is a particular
version of coordination by failure; agents are permitted to explicitely state their
coordinating problems by outputing a special atom of their language: 1. Again,
for agents ¥ and &, 1, and ¢; must differ from L for infinitely many i € N,
i.e. there are only finitely many failure messages. An interesting question on
“slow” coordination is how sf~coordination compares with mf-coordination, and
precisely how the use of explicit failure relates with success in any coordination
play. It seems likely that something is gained in the efficiency of coordination.



Other definitions of coordination are possible, of course, and an interesting
question concerns for what pairs of background worlds what communication
abilities provide agents (based on the first and the second element of the pairs,
and having that communication abilities) to coordinate. We will not attempt
to answer the question save to remark that if the background world of both
agents is a singleton, fcoordination models a situation rather close to that of
Ehrenfeucht games for elementary equivalence in model theory (see for instance
[4] for backgound on Ehrenfeucht games). It seems likely that f-coordination is
equivalent to the interactive construction of partial isomorphisms between the
worlds of the agents involved, but we have no proofs to give.

There are many potentially interesting generalizations of the logical frame-
work just described:

1. Environments of the kind introduced here are basic environments, in the
sense the their expressive power goes along with basic formulas. However, it is
sometimes useful to have more expressive environments. An agent’s observation
may require more information than is captured in basic formulas. Thus, it could
be both necessary and useful to extend environments over quantified formulas.
Of course, this enrichment rises new problems when extending the resulting
framework towards computational settings, our next point.

2. One can develop the conceptual framework into computational issues. A
restriction to computer simulable agents as well to finite coordination games
is required to study the coordination problem within real multi-agent systems.
Computable agents can be obtained by considering agents based on recursive
classes of finite worlds to recursive, or possibly P-TIME communication abili-
ties. Agents might be bounded in their computation time, i.e. as a function of
the length of the input. The speed of coordination may be taken into account.
Thus, given worlds-based agent ¥ and n € N, one can define the collection of
worlds-based agents @ such that ¥ changes his actual world (coordinating with
& according to each paradigm) no more than n times (cf. [9] for some reference
on “mind changes” in inductive inference).

3. So far, no mention has been given to how coordination can be used to
problem solving. By extending the agents’ outputs with a second component
ranging over arbitrary sets of formulas, coordination is suitable to investigate
Team-solvability. Coordination moves to cooperation. Then the question is: What
classes of worlds are solvable (according to some paradigm of inquiry; we refer
the reader to [13,12,16]) by a team of agents? A team of m > 3 agents can be
defined as a set of pair of agents that coordinate according to some paradigm of
coordination. A similar approach to team solvabiliy—called Team-identification,
has been developed within Formal Learning Theory (see [9], Chapter 9). How-
ever, a definition of Team-identifiability is given for total recursive functions
(Smith, [26]) and recursive enumerable formal languages (Osherson et. al., [17]).
As far as we know, no Team-identifiability is given for first-order structures.
More important, definitions by Smith and Osherson et. al. “fail to formalize one
aspect of scientific pratice that is central to the informal idea of team work.” ([9],
Chapter 9, pp.198-199). “The hypotheses of the individual scientists [agents] in



team scientific discovery influence each other in a way that is not captured by
Smith and Osherson et. al. definitions.” The paradigms of coordination are a
suitable starting point to capture the hint of the informal idea of teamwork we
look at, and provide the “formation rule” for teams of collaborative agents.

4. The problem of belief change—how an agent should revise her beliefs
upon learning new information—can be taken into account. One can inves-
tigate belief changes by limiting a slightly modified version of the paradigms
of coordination to agents based on background worlds that are expressible by
a finite set of basic formulas. For such finite sets, one can put revision into
the communicative ability ¥y of agent (¥o, A) by assuming ¥y = Ao.K #o0,
where # : pow(Lpgsic) X SEQ — pow (Lpgsic) is a suitable revision function
and A = MOD(K). One can take # to be “rational” according to some princi-
ple of rationality (see for instance [6,10,13,12] and the reference listed there).
Agents of this new sort have “rational” communication abilities in this strict
sense. It is then possible to investigate the coordination game of (Ac.A #.0, A)
and (\o.B #,0, B) into three winning strategies: (a) strategies that hold constant
the background belief sets A and B, and then determine what kind of revision
functions allow agents to coordinate; (b) strategies that hold constant the revi-
sion functions and determine what kind of belief sets allow agents to coordinate;
(c) strategies that hold constant both belief sets and revision functions, and
determine what kind of coordination paradigm allow agents to coordinate.

In the context of related work, there is a previous framework for analyzing
the problem of coordination in the limit. That account, due to Franco Montagna
and Daniel Osherson [15], is in the spirit of the recursion-functional tradition of
inductive inference in something like the way that the framework given here is
in the spirit of model-theoretic’s. In Montagna and Osherson’s work, the agent’s
communication skills are investigated by defining several kinds of players that in-
teractively “learn to coordinate”. Montagna and Osherson take the coordination
problem of two agents or players that want to coordinate by repeatedly show-
ing each other one of two possible behaviours. The problem of coordination the
players are faced with follows from the shifting constraints on their behaviours.
Each player tries to predict the other’s behaviour, and their predictions are based
on no more than the history of earlier events. One player “learns” the other’s
behaviour if her or his own behaviour matches the other’s forever after. There
is no an unique winner in the coordination game. To keep matters simple, Mon-
tagna and Osherson consider two players facing the same two options on each
trial, and they denote the options by 0 and 1. A player is therefore be identi-
fied with a function from the set of all finite binary sequences into {0, 1}, where
any such sequence is conceived as the history of moves of an opposing player.
There are several obvious differences in the frameworks, some of which being
a direct consequence of the language in use (recursive-theoretic vs. first-order),
and one that is not obvious but which is the most important: sf-coordination
extends the learning to coordinate Montagna and Osherson’s paradigm, in the
sense that coordination arises between Montagna and Osherson’s players if and
only if sf-coordination arises between a special kind of agents defined on them.
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