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Abstract

The goal of this paper is to present a formal system FB for bidirectional reason-
ing which integrates forward and backward deduction. FB is proved equivalent to
Gentzen’s classical system of propositional natural deduction. FB is the logic of a
theorem prover which supports interactive proof construction in general domains.

1 Introduction

Forward and backward reasoning are well known techniques applied in both knowledge
representation and automated theorem proving (see for instance [17, 4, 19, 15, 25, 14, §]).
Basically, any problem can be solved in a forward direction, i.e. from the hypothesis to
the conclusion, or in a backward direction, i.e. from the goal to (sub)goals. Forward and
backward reasoning can be integrated in a single bidirectional reasoning system, where a
deduction can be performed working both forward from facts and backward from goals.
Roughly speaking, bidirectional reasoning has been discussed according to three different
levels of abstraction and detachment from the underlying logic.

At the first level, which we call the heuristic level, bidirectional reasoning is seen
as an efficient strategy for problem solving, and it is discussed and formalized almost
independently of the underlying logic. Some examples in mathematics are [22, 23], and
[27]. One example in AI is [19]. At this level, it does make sense to speak about the
psychological plausibility of bidirectional reasoning (see for instance [15, 25, 3]).

At the second level, which we call the tactic level, bidirectional reasoning is per-
formed by using rules (called tactics), which are built on the underlying logical rules).
The most important major examples in theorem proving are LCF and its descendants
([12, 7, 21, 20]). In LCF forward reasoning is performed by using formal inference rules
and backward reasoning is performed at the metalevel by using tactics. Another example
in AT is GOAL [5], that provides FOL [28] with a goal oriented language for interactive
proof construction.

At the third level, which we call the logical level, bidirectional reasoning is totally
performed by bidirectional deductions inside a well defined formal system. As far as we
know, this approach has never been explored before.

In this paper, we present FB, the logic implemented in an interactive theorem prover
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called GETFOL'. FB has the following features:

(1) It defines bidirectional reasoning as deduction, in the case of classical (proposi-
tional) logic;

(2) FB is equivalent to Gentzen’s classical system of natural deduction ([10, 24])
and his variant described in [9];

(3) the deductions in FB are natural, in the sense that they extend the natural way
to costruct proofs in the Gentzen’s systems of natural deduction. These deductions have

some noteworthy properties, the major of them is a naturalness theorem for the system
FB.

FB does not increase the number of theorems, but only the number of possible (nat-
ural) strategies which can be used to prove the same theorem. FB allows the embedding
of a relevant control knowledge - the direction of reasoning - into the logic itself. This
leads to consider the so called bidirectionality of reasoning as a basic property of formal
deductions. In this context, the number of inference rules used is irrelevant [16]: “A
point worthy of stress is that a deductive system is not “simpler” merely because it
employs fewer rules of inference. A more meaningful measure of simplicity is the ease
with which heuristic considerations can be absorbed into the system”.

This paper is structured as follows. FB is developed in Section 2. In particular,
the inference rules in FB are divided into three main types: forward rules for reasoning
forwards, backward rules for reasoning backwards (Section 2.1), and a special rule - called
goal-to-theorem rule - for matching forward and backward parts of reasoning (Section
2.2). Section 3 describes the naturalness properties of bidirectional reasoning in FB.
Finally, Section 4 and Section 5 give a short discussion of the related work and some
conclusions.

2 The formal system FB

FB is formally defined as an aziomatic formal system, i.e. a triple (£, A, R), where
L is a propositional language, A is a set of axioms and R is a set of inference rules.
In particular, only logical axioms appear in the theory, i.e. basic sequents of the form
A — A, where A is a well formed formula of £. However, the theory can be easily
extended to include axioms. We call FB a bidirectional natural deduction system. As
we will see later, F and B represent indipendent and equivalent theories of forward and
backward reasoning, respectively.

In this work we assume that a part of the deductive reasoning consists of the applica-
tion of inference rules to the premises and the conclusion(s) of an argument. Premises,
or more in general facts, are represented in (the language of) FB as sequents, i.e. pairs
(T, A), also written I' —> A, where A is a formula and T is a finite set of formulae. Con-
clusions, or more generally goals, are represented as B €A, where B, A have the same
meaning as in sequents. Briefly, the language £ can be defined as the set of sequents
and goals over a propositional language.

'GETFOL ([11]) is a reimplementation of the FOL system ([28]). GETFOL has, with minor variations, all
the functionalities of FOL plus extension, some of which described here, to perform bidirectional reasoning,.
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2.1 Forward and backward systems

The inference rules in R but one are either sequent or goal versions of the natural
deduction calculus [24] for classical propositional logic. They allow introduction and
elimination only in the succedent of the sequents (goals). The inference rules can be
divided into two main types: forward rules for reasoning forwards, and backward rules
for reasoning backwards.

The forward inference rules define the forward system F (Table 1).

'—-A4A A—B I' =2 AAB
NI TASans |V L —A
I'=-ANAB
NE r—B
r—A
VIl TS5 AVE
VI I'—B VE I' =AvB A A—C ©B—C
" I - AVB rA®—C
I''A—B ' -4 A—ADB
S Y B TA—B
¢ r—4A4 ¢ r—4A4

Table 1: The deductive machinery of F.

The backward inference rules define the backward system B (Table 2).

AL | _AAB€T A | o AT
bl A€l BeA b AAB €T
B €T
NEry AANB €T
Vi A\//lifl:r
v AVB T VE CeTAO
rb B €T b AVBeT CeAA C€0OB
A>D BT BeT A
ol BeTl A 2F A€l ADB€A
B AT N AT
ib 1Tl cb 1L el A

Table 2: The deductive machinery of B.

Remark. We may note in passing that there is a total symmetry between the inference
rules in F and in B, respectively.
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2.2 Forward/backward system

At this point, a possible question is why do we need both forward and backward inference
rules; in particular, why it is necessary to have rules that are forward and backward
versions of the same deductive scheme. The answer is that the two rule types play
different roles, both equally important. Intuitively, forward rules are useful in getting
started on a problem by carrying out deductions that clarify the meaning of the premises.
At the later stage, they may also be helpful for simplifying intermediate results. Only for
forward inference rules is normally associated a logical consequence relation. Moreover,
forward strategies “have been observed in subjects’ performance on other mathematical
tasks”, and they are also needed in situations where “no particular goal is specified”
(125], p. 48).

On the other hand, forward rules, even if complete?, are not well suited for ordinary
mathematical reasoning, and to see why not, consider the following example. Suppose
to prove: ((ADB)A(BDC))D(ADC). The resulting proof is given as follows:3

[((ADB)A(BDC(O)]
[((ADB)A(BDQ)] ADB [A]
BOC NE = BDE

DFE

C
VEYoh

((ADB)A(BDC(C))D(ADC

DY/
)

Figure 1: A bidirectional natural proof.

The upper box is used to denote the forward part of the proof, the lower one the backward
part. As empirical strategy, at each step of the above proof, backward rules D I, are
checked first; this allow us to reduce the complexity of the conclusion ((4A D> B)A(BD
C))D(ADC) to C. Then, the usable assumptions* [A] and [(AD B)A(B>DC)] are used
for starting the forward proof. Third, forward rules are applied to usable assumptions
to deduce C. Finally, it is checked if forward and backward parts of the proof can be
matched to a single deduction. The proof succeeds if a such kind of matching exists, it
fails otherwise. In Figure 1, the “matching point” is the formula C' at the bottom of the
upper box and at the top of the lower box, and the proof succeeds. In [2] we argue in
more details that this empirical strategy is supported by the existence of a particular
normal form for deductions in FB.

A goal, e.g. the theorem to prove, can be achieved in only few ways, depending
on the goal complexity as well as on the available rules, by applying a precisely chosen
sequence of in some way evident rules. For such problems it should be more convenient
to work backwards. Perhaps this is the reason why backward reasoning is regarded by
Polya [23], chapter 8.1, as “a more proper way of solving problems [prove theorems] than
forward reasoning”. There are also other factors implying that reasoning backwards can

%In the sense that any (propositional) theorem is provable in F.

3In this example, to simplify notation we write A for —> A by reasoning forwards and B for B €~
by reasoning backwards.

4An usable assumption is used as an assumption. However, an important difference with assumptions
is that an usable assumption is introduced in the deduction by a backward inference rule rather than
directly by the user and, moreover, it is certainly discharged by reasoning forwards.



2 THE FORMAL SYSTEM FB 5

be advantageous (see for instance [14]). As described in [14], the most relevant is that
backward reasoning can be used to organize the bidirectional reasoning. In particular,
backward reasoning gives premises - the usable assumptions - from which we can start
a deduction.

A bidirectional deduction contains basically two parts, which are called the sequent
tree, i.e. a tree of sequents, say II, and the goal tree, i.e. a tree of goals, say II. We need
also a suitable formalism for representing the possible matching of them. An intuitive
idea of “matching” is given in the example in Section 2. Here we shall describe this idea
formally. We introduce the following goal-to-theorem (gtt) rule:

AA

II
AN - A, €A, AT —A---A, T, —A, g

tt

where II is a goal tree. The gtt-rule denotes a further (actually the least) inference rule
in FB and has no restrictions. The intuitive meaning of this rule follows: Every theorem
to prove can be represented as a goal A € A, with A possibly empty. This goal can be
reduced to (sub)goals 41 €A, ..., A, €A, by using backward rules in B. If there is
a fact A; T'; — A; (e.g., obtained by reasoning forward in F) for every i < n, then we
may consider every (sub)goal 4; €A, to be matched, or closed, by the fact A; T'; — A;
(1 <mn). Thus, we can go up to the goal tree II again to transform the root goal A €A
into the fact A — A. This is the conclusion of the gtt-rule when T'; is empty for every
1 < n. However, I'; could be not empty for some ¢ < m. Then, we must add I'; to
A to form the fact A Jj; 'y — A. Notice that the gtt-rule discharges implicitly the
formulae A; inside any fact A; I'; — A;, for every i < n.

Remark. If the union of all I'; for every 7 < n is empty, then git provides us with a desired
formalism to represent matching.® In the following, we refer to gttyes this restricted gtt-
rule. However, in the general case, gtt allows us to prove a sequent “weaker” than the
goal to obtain. This sequent is a partial solution of the goal to prove and it could be
used as a lemma to approach the final solution.

Given the gtt-rule, we can formalize entirely the bidirectional reasoning inside the
formal system FB. Then, we define what is meant by Il being a deduction in the system
FB of a sequent I' — A.

Definition 1 (Deduction in FB of) : A deduction in the system FB of
a sequent I' = A is inductively defined as follows:

(1) A basic sequent A —> A is a deduction in FB of A — A.

(1) If1; is a deduction in FB of T'; — A; for every i < n, then

11, 111,
r —4 --- Iy —A,
r—A

SRoughly speaking, matching is only the one-to-one relation between the i-th goal A; €=A; and the
i-th sequent A; I'; —> A; of the rule. The matching as given in Figure 1 in the previous section is only
a simple case where I'’s is empty, A; is C and A; is {A,(ADB)A(BDC)}.
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is a deduction in FB of I' — A provided that p is a (instance of
a) forward inference rule.

(#5i) IfII is a goal tree with root A €= A and I111; is a deduction in FB
of A; T'; — A; for every i < n, then

A€A
i I, 1111,
Ay €A AN, AT —A - AT, —=A4, +
A UL T; =4 g

is a deduction in FB of A ;i = A.

FB has the first of the two main desired properties, i.e. the equivalence with the sequent
version F of the propositional Gentzen-type system of natural deduction ND as modelled
by Prawitz [24].5

Definition 2 (Equivalence) :

1 Identical formulae, sequents and goals are equivalent.
, Seq g q

(i1) The sequent Ay --- Ap, —>C' is equivalent to the following formula:
If n > 1, then

AlA--AA, DC;

otherwise: C.
(i11) The sequent Ay - -+ A, = C is equivalent to the goal C €=Ay --- Ay,.
(iv) The equivalence is transitive.

Two derivations are called equivalent if the endformula (endsequent, rootgoal) of one is
equivalent to that of the other.” Two calculi are called equivalent if every derivation in

one calculus can be transformed into an equivalent derivation in the other calculus.

Theorem 1 (Equivalence) : The formal systems ND, F, B and FB are
equivalent, i.e. I' oA iff G —= A iff A €T iff RgI' — A.

Proof: (hint) We can draw the following diagram (see [1]):

Tk A LT — A

T —A A €T

S5For lack of space, only proof outlines are given. For details see [1].

"When we consider derivations in ND of a formula A depending on a non-empty set of formulae T,
this definition falls. For a substantially wider definition of equivalent derivations, which is adequate for
our proof of equivalence, see [1].
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Let AT be the conjunction of the formulae of I'. Then, by the deduction theorem in ND,
it holds I'' i, A if and only if I, AI' D A. Hence, by definition of equivalence, AI' D A
is equivalent to I' = A, which is equivalent to A €=T". Therefore, by the transitivity of
equivalence, ND, F, B e FB are equivalent. O

The intuitive meaning of Theorem 1 is simple: appropriately formalized forward rea-
soning (inference rules in F, or in ND), backward reasoning (inference rules in B) and
bidirectional reasoning (inference rules in FB) are equivalent, in the sense that all assure
identical potential ability of finding the proof of a theorem, i.e., they allow us to prove
the same theorems. Nothing, however, is said about the efficiency, or the naturalness®,
of bidirectional reasoning and its dependence on the reasoning direction choice; these
problems will be discussed in the next section.

3 The naturalness principle

Bidirectional reasoning is natural with respect to many points of view. As summarized
by Nilsson [19]: “there is evidence that a ‘good’ choice of the search direction can, at least
in some cases, totally reduce the number of nodes that can be generated”. Furthermore,
“whenever possible, the direction of reasoning ought to be in the direction of a decreasing
number of alternatives” and “the best direction in which to apply a [inference] rule
sometimes depends on the domain”. Here we present a new concept of naturalness of
reasoning, as formalized in FB, that allows us to choose the best reasoning direction in
a natural way and independently of the reasoning domain. Thus, the deductions in FB
have some noteworthy properties summarized into two main results: (a) the naturalness
theorem and his generalization (b) the strong naturalness theorem.

NATURALNESS PRINCIPLE. The relationship between a Prawitz’s natural deduction and
the bidirectional reasoning as discussed at the euristic level (see Section 1) is roughly
expressed by the following principle, which we shall call the naturalness principle:

If T & A, then there is a deduction® of A from T in which a part is con-
structed by reasoning backwards from A, and a part is constructed by reason-
ing forwards from T.

We illustrate this principle by two examples; a more detailed verification follows after
Theorem 2 below.

Ezample 1. (ADB)D((AD(BDC))D(ADC)) may be deduced in ND. In agreement
with the naturalness principle, it holds: the deduction in ND

8In the context of interactive proofs construction we may consider efficiency and naturalness as syn-
onymous. However, it is also necessary to remember that this point of view is misleading in strictly
automated theorem proving. There, efficiency and naturalness are usually opposite terms.

?As defined in [24], p. 24.



3 THE NATURALNESS PRINCIPLE

[A] [A>B] [4] [A>(B>C)]
OF
B = BDCDE’
—A CDIb
(AD(BDC))D(ADC)DI” ;
(A5B)>((A>(B5C))D(A>C)) ~ "

of (ADB)D((AD(BDC))D(ADC)) from the empty set is constructed by reasoning

backwards from (ADB)D ((AD(BDC))D(ADC)) (see lower box) and by reasoning
forwards from assumptions A, AD B and AD (B D (), successively discharged (see upper
box).

Ezample 2. AV—A may be deduced in ND. In agreement with the naturalness principle,
it holds: the deduction in ND

_A A
Av-a Vo Av-a Vo
Av-A [ﬂ(AV—!A)] AvV-A [—|(AV—|A)]
1 o 1 B
At —4 !
-F
L
AV-A €

of A V—A from the empty set is constructed by reasoning backwards from AV -A
(see upper boxes) and by reasoning forwards from assumptions A, —=A and —(AV—A),
successively discharged (see lower box).

Remark. The naturalness principle is related to, but not identical to, the “only if’ part
of the equivalence theorem (i.e.: if ' iy A then b,TI' — A). In this respect, the vice
versa holds. However, the principle expresses the naturalness of bidirectional reasoning
in a deeper sense. If there is a deduction IT in ND of A from I', then II can be “read”
from the out to the middle, i.e. backwards from A and forwards from I' - being sure that
the two parts of forward and backward reasoning on II “match”. Thus, in this sense,
the converse of principle is false, because it does not say how to understand this kind of
matching.

The naturalness principle is somewhat informal. Following the remark above, what
does it mean to say “read a ND-deduction in an out-middle way” and “match two
parts of forward and backward reasoning”? To answer this question, we need some
terminology.

Let II be a sequent tree. We first define a matching line in II, in symbols VI, as a set
{s1,...,sn} of (occurrences of) sequents in II such that, for every pair s;,s; (1,7 < n), s;
does not stand above s; in I and s; does not stand above s; in I1.1% A matching point
is a matching line with only one element.

10We take for granted the meaning of saying that a (occurrence of a) sequent s stands above a (occur-
rence of a) sequent s’ (or that s’ stands below s) in a sequent tree II.
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A matching line AT with n elements splits a sequent tree Il into n + 1 trees of
sequents IIy, ..., II,, II', or shorter, sequent sub-trees. II; (i < m) is an upper sequent
sub-tree obtained from I, and II' is the lower sequent sub-tree obtained from 1. A
sequent sub-tree of II is an upper or lower sequent sub-tree obtained from any matching
line in II. A similar terminology may be provided for matching lines in a goal tree; e.g.,
it could be defined a matching line I in a goal tree II.

The above terminology will be used to formalize what we mean for matching between
forward and backward reasoning. In the following, we set up some terminology for
representing “reading” in an out-middle way of Prawitz’s natural deductions. A sequent
tree IT and a goal tree I are symmetrical according to the following definition:

Definition 3 (Symmetry II-IT) :
(1) T —A and A €T are symmetrical.
(it) IfII; and I1; are symmetrical for every i < n, then

Hl Hn
r—4a --- I'y mA,
r—A

p

and
A€l

A, €T, a, a1,
Hl Hn

are symmetrical, where p is a (instance of a) forward inference
rule.

While reasoning backwards on a deduction in ND, we are doing a sort of implicit in-
version of every inference step of deduction. Definition 3 makes explicit such kind of
“mental” inversion. The naturalness principle thus suggests the following naturalness
theorem:

Theorem 2 (Naturalness) : Let II be deduction in F of ' — A, and let
o ={ly —=A,....I'y = A,} be any matching line in II. Then, there is a
deduction in FB of T — A:
AT
! I—Il Hn

|
ATl A,eT, T'1 —A4,---T,, =4
r—A

= gttbase

with the following properties:
(1). I" and II' are symmetrical, where 1" is the lower sequent sub-tree ob-
tained from JI.

(2). I0; is an upper sequent sub-tree obtained from JI, for every i < n.

Theorem 2 gives a result that is somewhat similar to, but more general of, the natural-
ness principle. Bidirectional reasoning is now fully represented inside the formal system
FB. This formal description simplifies the proof of the principle and gives a logical mean-
ing of - say metalogical - forward and backward reasoning as expessed in the principle.
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Moreover, Theorem 2 provides also a proof of the converse of the principle, otherwise
difficult to prove. In other words, Theorem 2 gives a formal meaning of both the natu-
ralness principle and its converse. The proof of the theorem above is directly based on
the naturalness principle and is quite simple; indeed, the proof is already suggested in
the examples above (for the details, see [1]).

We shall describe Theorem 2 also in a more graphical notation (Figure 2). In Figure
2 the bigger triangle represents a deduction in F, while the line on it represents an
arbitrary matching line; bold triangles are sequent trees. The lower arrow transforms a
sequent tree, the polygon on the left, into a symmetrical goal tree, the polygon on the
right (Theorem 2, property (1)). Both upper arrows represent no changes in the proof
(Theorem 2, property (2)).

N7

Figure 2: A graphical view of Theorem 2.

o

Remark. The naturalness theorem holds also for a deduction IT in B.
Let I = {4; ©T4,...,A, €TI,} be an arbitrary matching line in IT. Then, clauses (1)
and (2) become:

(1") IT" is the upper goal sub-tree obtained from I1, and

(2") II; and II; are symmetrical, where II; is an lower goal sub-tree obtained from
11, for every i < n.

Moreover, Theorem 2 holds for any sequent or goal tree and it is not restricted to
deductions. Theorem 2 does not explain neither how many matching lines can be really
constructed in a sequent (goal) sub-tree, nor how to choose a “good” matching line.
To answer these questions, we first define certain trees of both sequents and goals, or
shorter, sequent-goal trees.

Definition 4 (Sequent-goal tree) : Let IIII be a deduction in FB of © —C,
and let II be any sequent tree in IILI. Then, for any matching line Y1 =
{Pl —)Al,...,Pn —)An} in 11,
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(4)
A €A
I I

I 1
A €A A, €A, AT, —A - A, T —A,
AU T; =4 I

tt
II
0 —=C
s a sequent-goal tree.
(it) IfTIIV, TIU; are sequent-goal trees for i < n, then

A€A
T II11, 111,
AL A A, A, AT —A - A, T, —A,
A UL T —A4 g
Irr
0—=C

tt

is a sequent-goal tree.

I1, II; (¢ < n) in Definition 4 are sequent trees in IIII and IT is a goal tree in IIII. We say
also that IIII is a sequent-goal tree of s if s is the endsequent of 1111, i.e., the “root” of
the lower sequent tree in IIIT (e.g., ® —C above).

A matching line in a sequent-goal tree IIII is either a matching line in a sequent tree
in IIIT or a matching line in a goal tree in IIII. Hence, we may present the following
strong naturalness theorem:

Theorem 3 (Strong naturalness) : Let Il be a deduction in FB of
© —C, and let 11 be any sequent tree in IIII. Then, for any matching line
n= {Fl — Ay, ..., Ty —)An} in 11,

11, 111,
AeA ©, —B; - ®m — B,
HI Hl Hn
A eIy A, €T, r'y—A4,---T, —A,
A—A gttbase
II1r
0 —=C (1)

is a deduction in FB of © —=C.

Proof: (hint) We assume that IIII is structured as follows:

TIT1, 11,
®,—B --- 06, =B,
II
A—A
I
0 —=C

Then, by applying Theorem 2 to II, we construct the following sequent-goal tree:
A€A
! T, 11,

I
A€l A, eI, T1—=4,---T,—=A,
A — A 9tlpase
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The union of all I1;’s leaves, for 2 < n, is the set of the II’s leaves. Hence, by the form of
II11, (1) is a deduction in FB of © —C. O

Notice that Theorem 3 holds also for any goal tree II in IIIT and for any matching
line I = {A; €T4,...,4, €TI,} in II. The intuitive meaning of Theorem 3 depends
somewhat on the choice of the matching line. A matching line in a sequent tree produces
an introduction of the gti-rule; this is the case showed directly by Theorem 3. While a
matching line in a goal tree implies a “shifting” of the existing gtt into the deduction
itself. Theorem 3, with some slight additions, is fundamental for the sequel and gives
a result for system FB that is equivalent to say that an inversion of the direction of
reasoning can be carried out at any time and anywhere in a proof of a theorem. In this
sense, the deductions in FB extend the way to construct proofs in the Gentzen’s systems
of natural deduction.

Both Theorem 2 and Theorem 3 do not tell us anything about how to construct in
FB a “good” proof of a theorem. We may ask whether it is possible to transform every
bidirectional deduction to an equivalent “normal” deduction which proceeds, so to say,
directly, only by reducing the complexity of the succedent formula of both sequents and
goals in the deduction. Some ideas are given in [2]. Because of its particular interest as
well as some open points, however, the reduction of bidirectional deductions to normal
form seems somewhat more difficult and it is not discussed here.

4 Related work

As far as we know, our formalization to forward and backward reasoning has never been
proposed before. However, some comparisons with existing AI systems can be made.

AT research has produced many applications of forward and backward reasoning sys-
tems. The idea of using forward and backward reasoning for proving theorems was
pioneered in AI by A. Newell and H.A. Simon ([17, 18]) and, successively, by Nilsson
([19]). An attempt towards combining forward and backward reasoning in expert sys-
tems was also made by Ligeza [13]. Systems of the kind presented in these papers are
often called rule-based deduction systems, or also production systems, to emphasize the
importance of using rules to make deductions.

In other work, more directly related to automated theorem proving, (see for instance
[12, 7, 5, 26]), only one direction of reasoning is formalized inside a logical system, while
the other direction is left implicit in the control. In particular, the intercalation calculi
defined by Sieg [26] (see also [6]) represent only forward reasoning, and give to both facts
and goals a single formal structure.

A third group of systems was developed for studying cognitive aspects of bidirectional
reasoning (beside [17, 18], interesting systems was developed in [15] and [25]). In these
systems, facts and goals are represented, as well as a set of “cognitively valid” - as the
authors shall say in their papers - forward and backward rules of inference. As a con-
sequence, these systems take the form of a computer model of reasoning, by forcing the
psychological validity of arguments; on the other hand, they are sometimes theoretically
incomplete (see for instance [25]).

However, all the systems proposed so far, are not based on a formal notion of con-
sequence relation to explain bidirectional reasoning. In particular, no formal notion of
matching between facts and goals is given.
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5 Conclusions

In this paper, we have presented a formal system FB, such that:

(a) forward and backward reasoning is well represented by facts, goals, and conse-
quence relations. The matching between facts and goals, or forward and backward parts
of deductions, is also formalized. In this respect, the notion of matching line presented in
this paper is totally innovative. As an important consequence of these facts, the system
developed has been correct and complete.

(b) forward, backward and bidirectional reasoning (everyone based on the presented
way of formalization and inference rules), are formally equivalent, i.e. any proof which
can be found by reasoning forwards (or backwards) can also be found by reasoning in a
bidirectional way, and vice versa. The equivalence is formal since, in the realistic case
of a proof construction, it may turn out that a theorem can be proved in a bidirectional
way easier than reasoning in only one direction. Thus, what has usually been considered
as relevant control knowledge for reasoning systems, i.e. the direction of reasoning,
is embedded into the inference rules itself. This approach seems a step towards the
development of interactive theorem provers, GETFOL is a first example, able to provide
the user with the primitive tools to construct both efficient and domain independent
strategies, or tactics, to guide the search for a proof of a theorem;

(c¢) bidirectional deductions are natural, i.e. they extend the natural way to construct
proofs in the Gentzen’s systems of natural deduction.
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