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Abstract

A learning to coordinate paradigm was first introduced in Formal Learn-
ing Theory by [MO99] using the tools of recursion theory. In this paper,
we advance and discuss a first-order paradigm of coordination—we call this
paradigm of model-coordination. The paradigm is shown to extend Mon-
tagna and Osherson’s paradigm of learning to coordinate, in the sense that
Montagna and Osherson’s binary players coordinate if and only if their first-
order equivalent agents model-coordinate. An important difference between
our paradigm and that proposed by [MO99] is that in our paradigm agents’
preferences and beliefs can be modelled.

1 Introduction

Coordination is one of the most basic concepts in the foundations of the differ-
ent sciences, be they physical, biological, behavioral or social, as it concerns the
mutual interaction of possibly rational ‘agents’, some of them with individual be-
liefs, desires and intentions. In this paper, we focus on a family of coordination
paradigms where the agents always move simultaneously and all relevant moves
are made by the agents (agents’ moving components are functions in the math-
ematical sense; no randomness ever intervenes). These paradigms are all based
on pairwise communication, so that the kind of models we discuss is suitable for
modeling group situations where communication is not with the whole group, as
in an auction, but pairwise, as happens for instance in commercial transactions.
Our paradigms are games whose constitutive components we list as follows.

(1) Components of our models of coordination:

(a) a set of agents, or “players”;
() a set of interaction-dynamics, or “plays”, which provide information about
the agents’ interaction;

(¢) a success criterion that stipulates when and under which conditions the
agents can be said to coordinate.
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The theory resulting from different paradigms of coordination as drawn by com-
ponents in (1) is a bag of analytical tools designed to help us understand the
phenomena that we observe when agents of the kind evoked in (1)(a) interact.

Deductive or introspective theories that attempt to explain equilibrium play
directly at the individual decision-making level impose very strong informational
assumptions and so are widely recognized as having serious deficiencies. As a
consequence, attention has shifted to purely inductive, or behavioral theories
and methods, historically motivated by the work of evolutionary biologists. This
approach involves exploring the dynamics of coordination actions. Of course, to
do so requires the specification of the dynamic process describing the play of the
agents concerned. Now, it is a matter of taste if the middle ground between
these extremes is more interesting than either extreme. But, as far as we know,
only isolated forays have so far been made from the standpoint of formal learning
theory into this borderline area. The work on learning to coordinate choices by
[MO99] is a recent one, and at last provides a recursion-theoretic approach. This
article is a further investigation into this area but from a different, though related,
perspective.

Specifically, we develop a new paradigm of coordination richer in structure
than that considered by Montagna and Osherson—we call our paradigm: model-
coordination. The basic notions of an agent, dynamics and coordination success
we present extend the work by [MO99] to a first-order framework. These notions
add a new perspective on the problem of equilibrium selection in pairwise coordi-
nation. Some emphasis is given to the concept of an ‘agent’ as composed by both
communicative (‘behavioral’) capability and beliefs, and to the dynamic processes
by means of which equilibrium is eventually achieved through iterated, interactive
mechanisms based on some introspective, possibly rational individual choice. This
allows us to show how agents’ preferences and beliefs can influence coordination
in a way not given in the work of Montagna and Osherson. An important differ-
ence between our paradigm and that proposed by [MO99] is that in our paradigm
agents’ preferences and beliefs can be modelled. We show how this is done, and
also outline why the model of Montagna and Osherson could not handle beliefs by
demonstrating that pairwise coordination between “players” in the sense of Mon-
tagna and Osherson arises as a special case of coordination between belief-based
agents in our sense. This is indeed the main result of this paper.

Our aim is to reduce model-coordination to binary coordination in the sense of
[MO99]. We begin in the next section by presenting a paradigm of basic coordina-
tion which concerns us. The paradigm is equivalent to the learning to coordinate
paradigm by Montagna and Osherson, and it serves us as a base for theory de-
velopment. In Section 3 a model-theoretic paradigm (more accurately, a family
of paradigms) is introduced and defined within a first-order framework. Some
comments on the basic components of the paradigm and a brief comparison with
a slightly different paradigm of coordination (Section 4) are also given. Section
5 then provides our main result. We end the paper in Section 6 with a short
conclusion.



2 The 01-Coordination Paradigm

“Sam and Sally like to meet daily in the park, pretending each time that it’s
yet another chance encounter, walking side by side in shy silence. Each shows
up punctually at either noon or 6:00 p.m. hoping the other will have made the
same choice. The shifting constraints on their schedules, however, make it hard to
predict who will select which time of arrival, and both suffer disappointment when
there is mismatch. So both Sam and Sally set about trying to predict the other’s
choices, desiring to act in concert. Their predictions are based on no more than
the history of earlier events....” [MO99, p. 363]

A paradigm of “learning to coordinate choices” is introduced into Formal
Learning Theory (see for instance [JORS99] for a survey) by Montagna and Osher-
son using the tools of recursion theory. [Kel96] advanced a similar paradigm with-
out a formal development. In terms of the game of Sam and Sally, the paradigm is
a common interest, repeated game. Two agents (“players”) want to coordinate by
repeatedly showing each other one of two possible behaviors. The problem of co-
ordination the players are faced with follows from the shifting constraints on their
behaviors. Each player tries to predict the other’s behavior, and their predictions
are based on no more than the history of earlier events. One player ‘learns’ the
other’s behavior just in case his or her own behavior matches the other’s forever
after. To keep matters simple, Montagna and Osherson’s players face the same
two options on each trial, conventionally denoted by 0, 1. A player is therefore a
“bit agent”, namely, any function from the set of all finite binary sequences into
{0,1}, where any such sequence is conceived as the history of moves of an opposing
player. We call the kind of coordination between bit agents: 0l-coordination.
We shall now specify the paradigm precisely. Our formal presentation relies on the
following notation, some of which will also be used in the rest of this paper.

2.1 Notation

We denote the set {0,1,2,...} of natural numbers by N. Let n be an infinite
sequence over {0,1}.! For i € N, we write n|; for the proper initial sequence of
length 7 in 7. We write |o| for the length of a finite sequence, () for the finite
sequence of length zero, o; or also (¢); for the ith element of o, 0 < i < |o|,
last(o) for the last element in o, and ¢~ for the finite sequence obtained from
o by dropping its last (rightmost) element, if ¢ # 0; o~ is @, otherwise. Thus,
o™ | =|o| =1, last(o) = o) ;— | and o = ¢ last(o). Concatenation of sequences
is indicated by juxtaposition, or also by “~” when juxtaposition might result in
unclear expressions, and we won’t distinguish notationally between an element and
the corresponding unit sequence. Thus a7 (o™ 7) denotes the sequence with first
element « and tail 7. We write o C 7 if ¢ is a prefix of 7, that is, 7 = o5 for some
7. In this case, we say that 7 extends o. The set of elements in any sequence 7
is denoted by range(t).

!By “infinite sequence” we shall always mean an w-sequence, or a total function defined on N.



2.2 Components

We now are ready to formalize the components listed in (1).

2.2.1 Agents.
Let BISEQ denote the collection of all finite sequences over {0, 1}.

(2) DEFINITION: A Ol-agent (or “bit agent”) is any mapping from BISEQ to
{0,1}.

0l-agents can be partial or total, computable (in a precise sense given by coding
BISEQ and {0,1}) or uncomputable. We denote the set of all 01-agents by A.
In particular, we recall from standard recursion-theoretic terminology that a set
¥ C A} of partial computable 01-agents is called uniformly computable just in
case there is a total recursive function f such that ¥ = {¢y; i € N}. Note that
BISEQ includes all the finite proper segments arising from any 0l-agent’s input.
This feature is fundamental to define the kind of pairwise interaction between
01-agents we are interested in. We do it in the next paragraph.

2.2.2 Dynamics.

Let 01-agents ¥ and ® be given. The interaction sequence (or “play”) Dy ¢ of
U and @ is built up as follows. Bit agents ¥, ® simultaneously apply to the empty
sequence, yielding the first moves (positions, steps) ¥y = ¥ () and &g = ().
Then 01-agent ¥ applies to the sequence containing ® as its only element, yielding
the second move by ¥, namely, U1 = ¥(®;). Similarly, ® applies to the sequence
containing ¥y as its only element, yielding ®; = ®(¥y). In general, the nth move
of W is the value of ¥ on the sequence of all previous moves by @, and the nth move
of @ is the value of ® on the sequence of all previous moves by V. In the limit,

the interaction of ¥ and ® generates the infinite interaction sequence of pairs:
Dq;jq; = (<EZ,61> 11 € N),

where ¥; is the ith move of bit agent ¥ and ®; is the ith move of bit agent ®.
The response sequence:

R(U,®) = (T; : i € N)

is the (finite or infinite) sequence of moves by ¥ in response to @, and the response
sequence:
R(®,0) = (T; : i € N)

is the (finite or infinite) sequence of moves by @ in response to ¥. Notice that
R(V, ®) is finite iff at some interaction step i € N, ®(¥|;) or ¥(®|;) is undefined.
If this is the case, it is immediate to verify that R(®, ) is finite also. We are now
ready to define success within the 01-coordination paradigm.



2.2.3 Success.

Next comes an instance of a success criterion (1)(¢) that stipulates when and under
which conditions the agents can be said to coordinate.

(3) DEeFINITION: We say that bit agent ¥ 0l-coordinates with collection ¥ of
bit agents just in case for response sequences R(¥, ®) and R(®, ¥), the following
conditions hold for each ® € X:

(a) R(¥,®) and R(P, V) are infinite sequences; and
(b) for cofinitely many n € N, R(¥,®), = R(®,7), .2

If some 01-agent 01-coordinates with 3, then ¥ is called 01-coordinable, and
0l-uncoordinable otherwise.

The following example should suffice to explain the previous definition of the
basic components of a 01-coordination paradigm.

(4) Ezample: Let bit agents ¥ and & be given.

(a) Suppose that ¥ and @ are rigid, in the sense that both make their de-
cisions regardless of the other agent’s (last) move. In particular, any
“constant bit agent”, that is, either a mapping of BISEQ uniformly to 0
or a mapping of BISEQ uniformly to 1, is rigid. Now suppose that ¥’s
response to ® is always 0 and that ®’s response to V is always 1. Then ¥
and ® cannot 01-coordinate.

(b) Suppose that U and ® are flexible, in the sense that both are willing to
imitate the other agent’s behavior. This means that at any step of the
play, ¥ is ready to change his “plan of action” by looking at the last move
of ® and then copying it in response to her last move, and vice versa.
If we add the assumption that ¥ starts moving 0 and ® starts moving
1 (this condition is indeed consistent with the assumption of flexibility,
because there is no last move at step zero), it follows that ¥ and ® never
01-coordinate. In fact, their response sequences are both infinite, namely,
010101... and 101010..., but these sequences never coincide, even after a
finite number of mismatchings. However, if both ¥ and @ start moving 0
(or 1), it is obvious to conclude that ¥ 01-coordinates with @ in one step.

The next subsection provides a glimpse of 01-coordinable and 01-uncoordinable
classes of bit agents.
2.3 Coordinable, uncoordinable classes
The following proposition exhibits a 01-coordinable collection of bit agents.

(5) ProprosITION: [MO99] Every uniformly computable collection of total com-
putable bit agents is 01-coordinable.

2By “cofinitely many” we shall always mean “for all n € N but a finite set”.



Proof: We follow [MO99]. For all o € BISEQ and all 01-agents ¥, we first define
U(o) € BISEQ by induction on the length of o as follows. Base: ¥(0) = ¥(0).

Suppose that U(7) is defined for 7 € BISEQ and let b € {0,1} be given. Then,

define U(7b) = U(7)¥(7b). Let total recursive function f : N — N be such that
@iy is total for all i € N. We define by induction a 01-agent ® that 01-coordinates

with uniformly computable ¥ = {@;) | € N}. Base: ®(0) = @) (). Suppose

that ®(o) is defined for o € BISEQ with |o| < n. Given 7 € BISEQ with |7| = n,

let i(0) € N be greatest with i(o) < n, and ¢y (®(0) ) # o forall j < i(o).
Then define ®(0b) = @y(i(e))(®(0)). Clearly, ® is total computable. Let now
X € ¥ be given, and suppose X = @p). Then, for some m < n, there are
cofinitely many k € N such that R(¢su), @), = R(¢rm), @), = R(®,¢5m)),-
Hence, ® 01-coordinates with each member of ¥, that is, 3 is 01-coordinable. H

The next proposition shows that restricting bit agents to be total reduces the
possibilities of coordination.

(6) PropPOSITION: [MO99] There is a 01-coordinable collection of total bit agents
that no total bit agent 01-coordinates with.

For the proof of the proposition see [MO99, Cor. 12]. In the next section, we
motivate the need of a new paradigm of coordination, richer than 01-coordination,
so to be able to encompass preferences and beliefs in the model.

2.4 A criticism

As a model of coordination, the 01-coordination paradigm is limited for at least two
reasons. First, the behavior of the 01-agents is represented by bits of information,
so that only two possible choices are admitted for each agent at any time. For
greater realism, it would be better for, say, Sam and Sally to show up in the park
more often than at noon and 6:00 p.m., even if the problem of coordination they
face presumably becomes more complicated. This greater realism is possible if we
represent the agents’ action space by a collection of (finitary) first-order formulas.
Second, the 01-coordination paradigm captures neither the agent’s “beliefs” nor the
agent’s “preferences”. For example, the story of Sam and Sally that “like to meet
daily in the park” cannot be formalized within the paradigm. Suppose that Sam
prefers to meet Sally in the park on Monday and Friday, but at that famous pub
on Thursday, because live jazz music is played there on Thursday and he is a jazz
music lover. (Sally continues to prefer the park every day.) Is then coordination
possible between Sam and Sally? The question is not even expressible in the 01-
coordination paradigm. Even if both choose identical meeting times, it is quite
sure that they won’t ever coordinate, because of their different, “uncoordinated”
preferences. More generally, the 01-coordination paradigm does not fully capture
situations where the players have different preferences. The paradigm is purely
behavioral, the agents’ predictions being based on no more than the history of
earlier moves. However, an agent can use some background knowledge to act.
These and similar remarks motivate us in extending the paradigm to a first-



order setting. For doing this, we will henceforth identify an “agent” with a pair
of objects, where the first element of the pair models the agent’s actions and the
second element of the pair models the agent’s preferences and beliefs.? A paradigm
concerning agents of such form will be called of model-coordination, for short:
m-coordination. Despite its greater expressiveness, however, model-coordination
remains a crude representation of real coordination; “real” agents’ actions are
rarely carried out by literals of a first-order language, and preferences are far from
being captured by arbitrary collections of first-order structures.

With these remarks in mind, we conclude our résumé of the 01-coordination
paradigm, which leaves now room open to present the basic elements of a paradigm
of model-theoretic coordination. Coordination is “model-theoretic” in the sense
that should become clearer before the end of the next section.

3 Model-coordination

3.1 An intuitive picture

The following intuitive picture of a 2-agent infinitely repeated game is intended to
help the reader interpret some of the abstract concepts described later.

(7) Ezample: We imagine two “knowledge-based” agents, say Alfonso and Barbara,
whose preferences and beliefs are represented by two nonempty classes of first-
order structures A and B that interpret a common, countable vocabulary £. To
coordinate, Alfonso and Barbara communicate with each other in order to respec-
tively end up in the limit with a consistent description of a structure, A € A
and B € B, such that A is sufficiently close to B and B is sufficiently close to A.
We may think that A is sufficiently close to B if every finite set of literals true
in A is satisfiable in some B’ € B.* Thus, we expect that the more Alfonso is
like Barbara, that is, Alfonso and Barbara have similar preferences and beliefs,
the better chance Alfonso and Barbara have to coordinate. To dramatize, let
us suppose that each agent does not know the preferences of the other, and that
the agents were never before in a similar situation, so they cannot rely on past
experience to solve their coordination problem. Alfonso and Barbara’s decisions
have a strategic component, since Alfonso and Barbara take into account their
own preferences and expectations as well as the other agent’s behavior. Since
strategic interactions are best modeled by game-theoretic approaches, we imagine
the agents’ coordination problem as a form of 2-player game. To start the game,
Alfonso is conceived as choosing one member from A to be his “actual world”,
namely, the structure that models Alfonso’s initial preferences. Alfonso’s choice is
initially unknown to Barbara. Alfonso then provides a “clue” (Alfonso’s action)
about his chosen world. At the same time (but we can imagine a similar paradigm
where agents make their choices in sequence), Barbara makes her choice as well,

3For simplicity, from now to the end of this paper, we shall always consider the two terms
“preference” and “belief” as synonymous.
A slightly different version of the paradigm uses B in place of B'; see [Ago01, Def. 2.(35)].



and provides Alfonso with a clue about her actual world. We can assume that
Alfonso and Barbara are allowed to change their actual world at each step of the
game, provided that they remain coherent with the actions shown beforehand. If
Alfonso realizes that his preferences are not close enough to Barbara’s actions, he
can change it by choosing a different actual world, and this holds for Barbara as
well. Each player may provide “bad clues” in principle, for example to inform the
other player of the desire of starting again. Consequently, the players are allowed
to start the game again from the beginning whenever some disagreement occurs.
This may happen if a player’s action is inconsistent with the set of preferences
shown by the opponent since then. Of course, to reach coordination disagreement
should happen only finitely often. Alfonso’s clues constitute the data upon which
Barbara will base her hypotheses on Alfonso’s actual world, that eventually be-
come themselves a clue for Alfonso about Barbara’s world. And so on. Each time
Alfonso provides a new clue, Barbara may produce a new hypothesis, and a new
clue for Alfonso as well. Alfonso and Barbara succeed in their coordination game
if their own actual world becomes in the limit sufficiently close to the actual world
of the other agent, in the sense explained above.

The example motivates us in looking for a paradigm that captures as many
relevant aspects as possible of the kind of game played by Alfonso and Barbara.
Some concepts like “agents, “clues”, and “success” figure in the foregoing picture
of the Alfonso and Barbara coordination game. We formalize them in the next
section by moving through the components listed in (1).

3.2 Components

We fix a first-order framework. For this purpose, we write Ly, to denote the set of
first-order formulas built up from a vocabulary £ consisting of predicates (equal-
ity symbol is: =) and function symbols of various arities, along with constants
symbols, together with a countably infinite set Var = {z;|i € N} of variables. To
avoid ambiguities, we let formulas contain parentheses as auxiliary signs. We use
Lipgsic and Lsen to denote, respectively, the set of basic formulas (that is, the
atomic formulas and their negations) and the set of sentences of Lfy,. We are
particularly interested in the collection of all the finite sequences over Lpys.- We
denote such collection by SEQ.

To make the paper self-contained, we recall some standard semantic notions.
Let S be a structure that interprets £. We denote the domain of S by dom(S).
Let = denote the model-theoretic concept of truth in a structure. Then S is a
model of I" C Ly, and T is said to be satisfiable in S, if there is an assignment
h : Var — dom(S) with § = I'[h]. T is satisfiable if it is satisfiable in some
structure. In particular, a finite or infinite sequence 7 on Ly, is satisfiable if
range(T) is satisfiable. An assignment A to S is complete if A is a mapping onto
dom(S). The basic diagram of S under complete assignment h is a ‘diagram’
in the sense of Abraham Robinson, that is, the subset of L4, made true in S via
h.



3.2.1 Agents.

(8) DEFINITION: An agent in an m-coordination paradigm, or basic agent, is a
pair (U, A), where U is any mapping of SEQ into L, and A is a nonempty
class of structures.

Intuitively, faced with data-stream o € SEQ, a basic agent (¥, A) believes action
U (o). Since class A is interpreted as representing (¥, A)’s beliefs, this means that
U (o) is expected to be true in some structure in A.5 For basic agent (¥, A), the
first component ¥ is called communication function or “ability”. The second
component A is called background world. We say that (U, A) (or also V) is
based on A, ¥ is of (U, A), and (V,A) has . We write Ay for A and Up
for ¥ (or also (¥, A)) just in case U is based on A. We refer to £ as the agent’s
vocabulary, and to L4 as the agent’s language. It is because of the basic language
Lpasic that agents in the m-coordination paradigm are termed: “basic”. A basic
agent may have a partial, total, computable or noncomputable communication
ability.

3.2.2 Dynamics.

Before returning to technical issues, we indulge in a general remark on dynamics.
The paradigm of model-coordination is designed to examine the logic of long-term
interaction. It captures the idea that an agent will take into account the effect
of his current behavior on the other agent’s future behavior, and aims to explain
phenomena like cooperation and threats. In the following, we focus attention to
dynamics based on simultaneous moves, that is, the agents make decisions at the
same time, and to pairwise interaction. We note, however, that these restrictions
may be removed without affecting the main result of this paper. We refer the
reader to [Ago01] for a discussion of related paradigms.

We now consider formally the interaction between two basic agents. For every
finite or infinite sequence ¢ of length n > k, kK € N, we let ([k] denote the finite
sequence (Cy --- () and g|¢ denote the sequence obtained from ( by deleting its
first £ + 1 elements. Thus, ([k] = (|g+1 (cf. section 2.1), and ¢|¢ = 0 if || = 1.

(9) DEFINITION: Let basic agents (¥, A) and (®,B) be given.

(a) The interaction sequence (or “play”) of (¥, A) and (®,B) is the infinite
sequence
Dq;yq) = (<\IJ’L’(I)Z> 1€ N),
where ¥; is the ith move of ¥ and ®; is the ith move of ®, defined by
induction as follows.

5This is not a strict requirement, however, but the underlying intuition should help the reader
in understanding the criterion of success of any model-coordination paradigm. By the same
interpretation, we require A to be nonempty, so that agents are assumed to believe something.
(It is not too strong a requirement to ask agents to believe zg = xo!)




ii. U, 1 =U(®[n]) and ®,.1 = ®(T[n]).

(b) Let kK € N be given. The interaction sequence of (¥,A) and (®,B)
starting at k is the infinite sequence

*Dy e = ((x[T;,4[®;) : i € N),

where |¥, is the ith element in x|¥ and ;|®, is the ith element in 4|®.

We then say that x|, is the ith move of ¥ starting at k and ;|®; is the ith move
of ® starting at k. Observe that Dy o = (¥o, Do >0D\1;,q>.

(10) Remark: The definition of interaction sequence * Dy ¢ depends only on the
agents’ abilities ¥ and @®; no background worlds are involved. We shall see later
in this section that basic agents’ background worlds are relevant to determine the
criterion of coordination success.

Similarly to the agents’ response sequences within the 01-coordination paradigm
(see subsection 2.2), the response sequence

R(¥,®) = (T; : i e N)

is the (finite or infinite) sequence of moves by basic agent ¥ in response to basic
agent @, and the response sequence

R(®,0) = (3; : i € N)

is the sequence of moves by ® in response to ¥. Again, notice that R(¥,®) is
finite iff at any interaction step i € N, ¥(¥|;) or ¥(®|;) is undefined. If this is
the case, it is immediate to verify that R(®,¥) is finite. Moreover, note that a
response sequence is an environment. Consistently with the notation adopted on
infinite sequences within the 01-coordination paradigm, x|R(¥, ®)|,, denotes the
finite initial sequence in ;| R(¥, ®) of length n, and | R(¥, ®),,, or also (x| R(¥, ®)),
denotes the nth element of x|R(U,®). So, x|R(¥,®)|nr1 = x| R(¥,®)|, ¥, and
R(T,®) =Ty o|R(T,d).

3.2.3 Success.

To coordinate basic agents have to stabilize in the limit to a complete description
of a structure in their own background world, eventually after a finite number of
failures, or disagreements. The description that a basic agent produces in the limit
is a kind of “environment”, about which the other basic agent is concerned. An
environment is then any infinite sequence over Ly,z.. As a consequence, for all
o € SEQ, there is an environment e such that o = e|, with n = |o|. In this
technical sense, SEQ then denotes the collection of all proper initial sequences of
any environment. To consider consistent data-streams produced by a basic agents’
interaction, we need to relate an environment to a structure. We rely on the next
definition.

10



(11) DEFINITION: Let structure S and complete assignment A to S be given. An
environment e is for S via h just in case range(e) = {8 € Lpasic |S = B[h]}. An
environment e is for S just in case e is an environment for S via some complete
assignment.

In other words, an environment for a structure S via complete assignment h lists
the basic diagram of § under h. Finite initial segments of an environment for a
structure thus recapitulate the consistent information available to a basic agent
about the underlying structure of evidence—we called it “actual world”, at a cer-
tain time of observation.

(12) Ezample: Suppose that £ is limited to a binary predicate symbol R plus
equality symbol =. Let (N, <) be the standard structure of natural numbers
ordered according to strict linear order <. Let h : Var — dom(N) be defined
such that for all ¢ € N, h(z;) = 7. Then one environment for ( N, <) via h is:

To= x9 " ToRxy ...

. I = I —|£E1R.’L‘1 l‘()R.%‘l —|.’L‘1Rl‘0 e

. Tn= 2z, "Rz, zoRz, ... T,_1Rxy " z,Rxo "2, RT1 ...y RTp_1 ...
Observe:

(13) LEMMA: If some environment is for both structures S and 7, then § and T
are isomorphic.

(14) LEMMA: All isomorphic pairs S and 7 of structures have an identical set of
environments.

The proofs of the lemmas above are an immediate consequence of [Kei77, Prop.
3.2(i)]; the proof of Lemma (13) is also in [OW86, Lem. 3.1A].

According to the intuitive picture of model-coordination, the agents can restart
their interaction finitely often, but after the last disagreement they must eventually
coordinate. Let us now present all this formally.

(15) DEFINITION: Let basic agents (U, A) and (®,B) be given. We say that
(¥,A) m-coordinates with (®,B) (written: ¥ =,, ®) just in case for some
s

) s/ is an environment for some A € A,
b) ¢|® is an environment for some B € B, and

for all n € N, ,|U|,, is satisfiable in some B’ € B and 4|®|, is satisfiable in
some A’ € A.

Note that the definition depends on the interaction sequence Dy ¢, and that struc-
tures A’ and B’ depend on n. In case of clause (a), we say that ¥ enumerates
with @ ;|¥; similarly, in case of clause (b), we say that ® enumerates with ¥
¢|®. So, to m-coordinate, each basic agent outputs in the limit the basic diagram

11



(under some complete assignment) of a structure in his own background world,
and this basic diagram must be finitely consistent with some structure of the other
agent’s background world—generally different from the structure described by him
in the limit.

3.3 Comments on Components

An interpretation of the paradigm of m-coordination (see also [Ago01]) is that it
is a model of an event occurring repeatedly, as in Example (7). So, each agent
can form his expectation of the other agent’s behavior on the basis of his (innate,
previously experienced) knowledge as well as on the basis of information coming
directly from the other agent’s behavior at the time the event occurs. Neither a
specific knowledge of the event nor common knowledge or agents’ “rationality” is
assumed. The agents choose their actions simultaneously and independently, and
have the same language vocabulary as the unique common “communication tool”.

From the definition of the interaction sequences it is clear that the paradigm
of m-coordination is a model of a limiting process. The fact that the limit is taken
to be finite or infinite, however, depends on the use of the model. Here we add the
comment that the choice of a finite or infinite limit in the paradigm under analysis
is also depending on the background world each agent concerned is based on. A
quick look back to Definition (15) should suffice to realize that no finite interaction
sequence may guarantee success if at least one of the two basic agents is based on
a background world with only infinite structures; there is no finite environment for
an infinite structure. Nevertheless, it is important to stress that finite interaction
sequences in a m-coordination paradigm are possible and even necessary to model
particular phenomena.

The agents can have a common interest to coordinate. In this sense, one game
theorist would say that the paradigm is a pure coordination game. In fact, the
paradigm is a (finitely, infinitely) repeated game of pure coordination with im-
perfect information. A model of imperfect information allows an agent, when
taking an action, to have only partial information about the actions taken previ-
ously. Thus, the m-coordination paradigm is a model of imperfect information,
since an action ¥(o) by basic agent (U, A) on any o € SEQ is eventually true in
some structure A € A which is generally unknown to the other basic agent. We
note that, on the other hand, the definition of response sequences makes ¥ (o) to
be part of the input sequence of any basic agent ® for all o representing an ini-
tial segment of ®’s response sequence. Consequently, if we consider basic agents’
communication functions only, then the information the agents interchange is “per-
fect”, in the sense that each agent is perfectly informed about all actions executed
by the other agent at each stage of the game.%

About the assumption that the agents act simultaneously, we observe that this
does not necessarily mean that agents’ actions are taken at the same point of time,
even if this is our basic interpretation of the paradigm. Suppose, for example, that

5We refer to [OR94, Part II, Part IIT] for background on games with perfect and imperfect
information, respectively.
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Alfonso and Barbara of Example (7) are at different geographical locations, in
front of terminals, trying to communicate through the Internet. Then, the usual
net-delay forces Alfonso and Barbara’ acts to be asynchronous, but their actions
are still interpreted as simultaneous in our model. In the m-coordination paradigm
it is only important that the agents make decisions independently at any stage of
the coordination process, no agent being informed of the choice of the other agent
prior to making his own decision.

4 Full satisfiability of beliefs

We require only finite consistency rather than full satisfiability (hence, isomor-
phism of the structures which the environments are for) in Definition (15)(¢). At
every position of the interaction sequence, a basic agent knows only a finite part of
the environment played by the other agent, so that he cannot know whether or not
such environment is satisfiable in the actual structure he has in mind. This seems
natural. A nice example where coordination in the sense of finite satisfiability is
possible, but coordination in the sense of full satisfiability is not possible is now
to be presented. We rely on the following definition of “exact-full” coordination.

(16) DEFINITION: Let basic agents (U, A) and (®,B) be given. We say that
(F,A) ef-coordinates with (®,B) (written: ¥ =,¢®) just in case for some
s,t € N:

(a) 5|V is an environment for some A € A,
(b) ¢|® is an environment for some B € B, and
(¢) | is satisfiable in some B’ € B and ;|® is satisfiable in some A’ € A.

Now comes the nice example.

(17) LEMMA: Suppose that £ is limited to a binary predicate symbol R. Let A
be the class of all countable linear orders with maximum that interpret R, and let
B be the class of all countable linear orders without maximum that interpret R.
Then, the following conditions hold.

(a) There are abilities ¥, ® such that (¥, A) m-coordinates with (®,B).
(b)  For no abilities ¥, ®, any basic agents (¥, A) and (®,B) ef-coordinate.

Proof: To prove (a), observe that any initial segment of any environment for a
linearly ordered structure (with or without maximum) is satisfiable in any infinite
linearly ordered structure, since it generates a substructure of the infinite linearly
ordered structure and basic formulas are preserved in superstructures; see [Hod93,
Thm. 2.4.1]. Define ¥ and ® such that R(¥, ®) is an environment for some infinite
structure in A and R(®, ¥) is an environment for some infinite structure in B.7
Then it is easy to see that for all n € N, U, is satisfiable in some structure in

"By “infinite structure” it is always meant a structure with infinite domain.
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B and ®|, is satisfiable in some structure in A. On the other hand, it is clear
that (b) holds, since no environment for any structure in A is satisfiable in any
structure in B—the two classes A and B have no elementarily equivalent members
in common. W

5 01-Coordination as a special case

In this section, we prove our main result. Model-coordination will be showed to
extend 0l-coordination, in the sense that two bit agents 01-coordinate if and only
if some “first-order equivalent” agents m-coordinate. Our aim is to reduce the
paradigm of model-coordination to binary coordination in the sense of Section 2.

For this purpose, we fix £ = {=,U,s,0}.8 0 and s denote, respectively, 0 and
the successor function on the set of natural numbers. Thus, the term that results
from n € N applications of s to 0 is denoted by 7; U denotes a set of natural
numbers. This is also the place to find some new terminology and notation. Given
a pair of sets A, B, we write A A B for the symmetric difference of A and B, i.e.,
the set (A — B)U (B — A). If AA B is finite, we say that A is a finite variant of
B and A and B are called finite variants. Observe that A A B is finite iff either
A = B or A and B differ by a finite set. For U C N, Ny denotes the structure
(N,U,s,0) that interprets £. In other words, Ny is the usual model N' = (N, s,0)
of the natural numbers plus a unary relation U on N defined as follows.

For every x € Var and for some complete assignment h to Ny,

(a) if h(z) € U, then Ny | U(z)[h];
(b) if h(z) € U, then Ny = -U(z)[h].

We also stipulate the following convention.

(18) CONVENTION: We assume that Lp,sic is ordered according to a fixed, recursive
list I. Moreover, we assume that the first element of I is: zg = 0.

Thus, in this section we refer to any sequence over Ly, as ordered according to 1
without further explanation. It will also be useful to use “world” and “structure”
interchangeably.

We are now ready to start defining a basic agent (¥°, Wy) from any given
0l-agent ¥, so as to be able to state and prove the following result. It gives the
exact sense in which the paradigm of 0l-coordination can be embedded into the
m-coordination paradigm.

(19) THEOREM: For all 0l-agents ¥,®, ¥ 0l-coordinates with @ iff (U° K Wy)
m-coordinates with (®°, Wg).

8In a purely predicate framework without function and constant symbols, one might express
the same ideas and results of this section by using an unary predicate symbol Z representing
the singleton of 0 in place of 0, and a binary predicate symbol S representing the graph of the
successor function in place of s.
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In fact, our construction of (¥°, Wy ) from ¥ and of ($°, Wg) from & will satisfy
a stronger property, namely:

(20) THEOREM: For all 0l-agents ¥,®, the following holds.

(a) If ¥ does not 0l-coordinate with ®, then for all £ € N, x|R(¥°, ®°) and
k| R(®°, ¥°) are not environments for any world.

(b) If U 0l-coordinates with @, then for some k € N, ;x| R(¥°, ®°) and ;| R(®°, ¥°)
are environments for a world in Wy N Wg.

Before proving Theorem (19), we give an informal account of ¥U°’s coordination
behavior (®°’s behavior). By “behavior” here and in the sequel is meant a finite
sequence of basic formulas produced in response to some interaction. For example,
R(U°, ®°)|, is the behavior of basic agent (¥°, Wy) in response to basic agent
(®°, Wg) for any n € N. Here ¥°’s behavior is required to make sense only on
basic agents of the form (®°, Wg) with ® being a 01-agent, because we make no
claim in Theorem (19) about ¥U°’s behavior in response to other agents.
Let U(¥,®) denote the set {n € N|R(¥,®), = 1}. Then:

e U° gives some information to ®° about ¥’s moves in response to ®. This
information is coded by literals of the form U(z,) or ~U(zy), under the
intuition that U(zy) codes the information “at stage n ¥ responds 1”7, and
that —=U(z,,) codes the information “at stage n ¥ responds 0.

e U° decodes the information coming from ®° (again, coded by literals of the
form U(z,) or =U(x,)), about ®’s response to ¥U’s moves.

e W° describes an environment consisting of all literals true in NU@,@) under
the complete assignment h defined by h(z;) =i for all 1 € N. At each stage,
U’s description is partial, in the sense that only a finite part of U (¥, ®) is
known to ¥°. Even though at each step U°’s knowledge of U (¥, ®) is partial,
W° updates his information according to the moves of ®°.

e As soon as U° discovers a disagreement between ¥ and &, that is, ¥ and &
differ on some input, ¥° outputs some (on the basis of the previous point) ob-
viously false information, say =y = 0, and restarts the description of NU@, o)
by enumerating the basic diagram of NU(\I,, ) as before, using the assignment
h to supply temporary names for the members of NU(\I,’q)). The reason for
this false information is that (¥°, Wy) dislikes to coordinate with (®°, Wg)
whenever ¥ does not 0l-coordinate with ®. If this happens, that is, if ¥
and @ disagree infinitely often, or if ¥ and ®’s response sequences are finite,
then U° repeats its false information infinitely often. The result is that U°’s
description is a contradictory list of literals, with infinitely many elements
of the form zy = 0 and —zg= 0. Thus, no possibility of coordination arises.
Note that the false information —zg = 0 is not misleading to ®°, because he
knows everything about A and the assignment h.
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Recall that our goal is to define ¥° and Wy from bit agent ¥ (similarly: ®° and
W3 from @) such that the following conditions hold.

(21) For all 01-agents &:

(a) If ¥ Ol-coordinates with &, then for some k£ € N, |R(¥°, ®°) is an
environment for Ny ¢y € Wy and ;|R(®°, ¥°) is an environment for
Ny, wy € Wg. Since the symmetric difference of U(¥, ®) and U(®, ¥)
is finite, it follows that x|R(¥°, ®°) and x|R(®°, ¥°) are environments for
some world in Wg N Wg.

(b) If ¥ does not 01-coordinate with @, then for all k € N, both ;x| R(¥, ®) and
k| R(®, ¥) contain infinitely many occurrences of a literal and its negation.
Hence, for all k € N, |R(¥°, ®°) and x|R($°, ¥°) are environments for
no world.

We need some more notation. (Recall that for n € N, o[n] = (o --- oy).)

(22) DEeFINITION: Let o € BISEQ and 0l-agent ¥ be given. We define ¥[o] €
BISEQ as follows.

(a) |¥[o]] = o]+ 1;

() ol = ¥(0).

(c) If n < |o| then ¥[o], ,; = ¥(o[n]).

Definition (22) applies mutatis mutandis to basic agents and to sequences in SEQ.

(23) Ezample: Let 0 € SEQ and U : SEQ — Lypgsic be given. Suppose that
o = BoB1Bs- Then, ¥lo] = ¥(o) and ¥[o] = ¥[o],¥[o],V[o],¥[0];, where:

(a) ¥lo]y = ¥ (0);

(b) ¥loly = ¥ (By);

(¢) ¥loly = ¥(BoB1);
(d) Ylo]3 = T (ByB182)-

The proof of Theorem (19) now proceeds through the construction of basic agents
(T°, Wy), (°, Wg) and a series of lemmas. First the construction.

Definition of Wy. Let 0l-agent ¥ be given.

(24) DEFINITION: Wy is the class of worlds Ny such that for some ® € A},
(a) ¥ 0l-coordinates with @, and
(b) UAU(Y,d) is finite.

For every o € SEQ, we now define the “environment transformation” 7, the envi-
ronment e,, and communication function ¥°.
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Definition of ¥°. 7(0) is a compressed version of the information concerning
the response sequence R(V, ®) coded by o, and e, represents the partial descrip-
tion produced by ¥° upon receiving o and according to the recursive list I (see
Convention (18)).

(25) DEFINITION: Let o € SEQ be given. Denote by S(o) the set {n € N | for alli <
n (U(z;) € range(o) or—U(z;) € range(c))}. The e-transformation is the total
function 7 : SEQ — BISEQ such that if S(o) = 0, then 7(c) = 0. Otherwise,
let m be the maximum of S(o). We define:

(a) |7(0)| =m+ 1.
(b) For i < |7(0)],

(0); = 1 ifthereisj < |o| o; =U(z;) and, for allk < j, oy # —U(x;)
9= 0 otherwise.

Informally speaking, 7 transforms the positive and negative information coded by
a sequence in SEQ by means of a finite, binary sequence. For ¢ € SEQ), observe
that 7(o) is generally shorter than o.

(26) Ezample:

(a) Suppose that ¢ = U(zg)B,-U(z1)B38,. Then, S(o) ={0,1} and 7(0) =
10. Let a1 € Lpgsic neither of the form U(x) nor —=U(z), and let ay =
U(z2). It follows that S(oa;) = {0,1} and 7(ocay) = 10, thus 7(ca1) =
7(c); while S(cas) = {0,1,2} and 7(casz) = 101, thus 7(cas) = 7(0)1,
i.e., T(oag) = 1(0)T(0Q2)s.

(b) Suppose that o = U(z9)B;-U(z2)B384. Then, S(o) = {0} and 7(c) = 1.
Let @ = =U(z1). It follows that S(ca) = {0,1,2} and 7(oca) = 101, thus
T(oa) = 7(0)01, i.e., T(oa) = 7(0)T(0a)17(0Q)2.

(c) Suppose that o = By=U(x2)B283-U(z4)B5U(23)U(z0). Then, S(o) =
{0,1,2,3,4} and 7(0) = 11010. Let o = U(z4). It follows that S(oa) =
S(o) and 7(ca) = 7(0).

(d) Suppose that o = BoU(z5)B2U (1)U (24)B5U (23) 87U (x0). Then, S(o) =
{0,1} and 7(c) = 11. Let @ = U(z2). Then S(ca) ={0,1,2,3,4,5} and
T(oa) = 111101, so 7(ca) = 7(0)1101, i.e. T(ca) = 7(0)T(0Q)2 ... T(0Q)s.

Note that case (¢) of the example shows that if the conditional “if U(z;) €
range(c)” in Definition (25) were used in place of “if thereisj < |o| (o5 =
U(z;)) and for allk < j (o # —U(x;))”, then it would no longer be the case
that 7(ca) = 7(0), because of 7(ca) = 11011.

Definition (25) will be used in such a way that at any stage n in the coordination
game between U° and ®°, when ¥°’s last move is R(¥°, ®°), ,, o is the finite
sequence R(U°, ®°)|,_1 of ®°’s previous responses to U°. We will show pretty
soon that in this very special case |7(07)| = |7(0)| — 1. The reader should keep
this in mind in reading Lemma (27) and next two definitions.
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Example (26) sets some general properties of transformation 7. We state these
properties as follows.

(27) LEMMA: Let o € SEQ be given.

(a) For all n € SEQ, if 0 Cn then 7(0) C 7(n).

(b) Let|o|=n+1withn € N. Then, 7(0)
=171(0"),ifforalli € N, o, # U(z;) and o, # -U(x;), or either o, = U(z;)
or oy, = ~U(z;) for some 1 € N with i < |7(c7)|;

— T(U_)T(U)|T(a*)| ... last(7(0)), otherwise.

(28) DEFINITION: Let 0 € SEQ, ¥ € A}, and complete assignment h to N be
given. Suppose that h(z;) =i for all i € N. The p-environment for N and h
generated by ¥ on 7(0) is the sequence e, such that, if ¥[7(o)] is undefined,
then e, is undefined. Otherwise, range(e,) = {8 € Lpasic | N | B[R] JU{U(z;) |i <
|7(0) |and ¥[r(0)]; = 1} U{-U(x;) |7 < |7(0) | and ¥[r(0)]; = O}

In particular, we note that e, strictly depends on list I (see Convention (18)) and
on assignment h. Moreover, it follows from Convention (18) that zo = 0 is the first
element of e,. This is indeed crucial in the next definition.

(29) DEFINITION: Let o € SEQ and ¥ € A} be given. ¥° is the communication
function such that if ¥[r(o)] is undefined, then ¥°(o) is undefined. Otherwise, let
io be the maximum ¢ < [ ¥°[o~]| such that ¥°[o~], is of the form -z = 0; if such
an % does not exist, let 19 = —1. Define:

(a) if ¥(1(07)) = (—zo= 0), then ¥°(o) is of the form zq= 0;

(b) ifeither (o) = 7(07) or 7(0) # 7(0 ) and last(7(0)) = V(7(c 7)), ¥°(0)
is the first element 3 in e, such that for all iy <4 < |¥°[o~]|, B # ¥°[07];;

(¢) if 7(0) # 7(07) and last(7(c)) # ¥(r(c7)), ¥°(0) is of the form -z = 0.

We say that ¥° is the first-order equivalent of V.

(30) Remark: Note that U°[o~] in Definition (29) is the sequence of the previous
moves of W°, and 4y represents the last place where an error occurred. We can
imagine that U°’s description of his actual world restarts from the place 1 = i¢ + 1.
Thus, if 79 = —1, the previous definition suggests that the agents’ coordination
process starts again from the beginning (place 7 = 0). In Definition (29), clause
(a) says that if the last literal of o does not contain any new information about
®’s moves, or if the last literal of o contains information about a new move of @,
but this move agrees with U’s last move, then ¥U° outputs on ¢ a new literal in e,,
namely, the first element of e, that is not output after the last error. According to
Definition (29)(b), ¥° response on o is a failure, i.e. a literal of the form —zy = 0,
if the last literal in o contains information about a new move of ® and this move
differs from ¥’s last move. Finally, clause (c) ensures that zo = 0 is to be played
by U° whenever 01-agents ¥ and ¢ disagree from the beginning.
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Definition (29) concludes the construction of ¥°. Observe:
(31) LeEMMA: For all ¥ € A}:

(a) If U is total, then ¥° is total.
(b) If W is recursive, then ¥° is recursive.

The next lemma is a reformulation of Lemma (27) for sequences of basic formulas
“played” by agents ¥U° and ®°. Before stating the lemma, we note that from
the previous three definitions it follows that for every sequence o of the form
R(¥°, ®°)|,, there is j < |o| such that both o; = U(z;) and o}, # ~U(x;) for all
k < jif and only if U(z;) € range(o). This is will be indeed useful in the proof of
the lemma, where we focus for convenience on the shortest notation.

(32) LEMMA: For all ¥,® € A} such that R(¥,®) is an infinite sequence, the
following holds. For all n > 0, either

(a) T(R(T®,9°)[n)
e, 9%)n)

T(R(T°, ®°)|,-1), or
T(R(T°, ®°)|p—1)last(T(R(T°, D°)|y))-

Proof: We have only to show that if 7(R(¥°,®°)|,) # 7(R(¥°,®°)|,_1), then
| T(R(T°, ®°)|p-1)| = | T(R(L°, ®°)|n)| — 1. (The lemma then follows immediately
as a special case of Lemma (27)(b).) Suppose 7(R(¥°, ®°)|,) # T7(R(¥°, ®°)|,_1).
Then by the definition of 7, either R(¥°,®°), |, = U(z;) or R(¥°,®°), , =
-U(z;) with i = |7(R(¥°, ®°)|,—1)|- From the definition of ¥° it follows that ei-
ther 7(R(¥°, ®°)|,) = 7(R(¥°, ®°)|,-1)1 or 7(R(L°, ®°)|,) = 7(R(L°, ®°)|,—1)0.
Hence, |7(R(T°,®°)|,) | = |T(R(T°, ®°)|p—1)|+ 1. A

(33) LEMMA: For all ¥,® € A} such that R(¥,®) is an infinite sequence, the
following conditions hold.

(a) Forallne N, 7(R(L° ®°)|,) ER(Y,D)|,.
(b) TForalln € N, there is m € N such that R(V, ®)|, C7(R(L°, ®°)|m)-

Thus, Lemma (33)(a) says that ®° receives only correct information from ¥°
about ¥’s moves, or also that the (positive and negative) information contained in
R(U°, ®°) reflects the (positive and negative) information contained in R(V, ®).
Lemma (33)(b) says that sooner or later ®° receives from ¥° all information about
R(U,®). In other words, the (positive and negative) information contained in
R(¥U, ®) will appear in R(¥°, ®°) in finite time.

Proof of Lemma (33): (33)(a) By induction on n. For n = 0 the claim holds
because of 7(f) = . For n > 0, assume 7(R(¥°, ®°)|,—1) C R(¥,®)|,—1 and
T(R(®°,¥°)|p—1) = R(®, ¥)|p—1 (inductive hypothesis). Let ¢ = R(¥°, ®°)|,, and
i = |7(0)|. We want to prove that 7(c) C R(¥,®)|,. By Lemma (32), either
T(0) =7(0c7) or 7(0) = 17(07)7(0);—1. We consider the following three cases:
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Case 1: 7(0) = 7(07). It follows by the inductive hypothesis that 7(o)
CR(T,®)|, 1. Observe that R(¥,®), = R(¥,®)|, R(¥,®) ,, and then
R(V,®)|,—1 CR(¥,®)|,. Hence 7(0) C R(T, ®)|,.

Case 2: 1(0) # 7(0c7) and 7(0);—1 1. Then, by the definition of T,
U(z;i—1) € range(o), that is U(z;—1) is one of the R(¥°,®°),’s, k =0,1,...,n — L.
Because of R(¥°,®°), , = U°(R(®°,¥°)|,_1), by the definition of ¥° it follows
that U(zi_1) € range(eR((I)o’\I,o”nil) and, by the definition of CR(®°, T°)|p_1’
that ¥[r(R(®°, ¥°)|,—1)],_; = 1. By the inductive hypothesis and by the defini-
tion of W¥[-],_,, it follows that U(R(®,V)|,—1) = 1 (observe: n = i — 1). Hence,
R(¥,®),, , = 1. We have thus obtained: 7(c) = 7(c7)R(¥, ®),,_,. It follows by
the inductive hypothesis that 7(c) C R(¥, ®)|,.

Case 3: 7(0) # 7(07) and 7(0);—1 = 0. By the definition of 7, 7(0)i_1 = 0
implies U(x;—1) ¢ range(o), that is U(z;—1) is none of the R(¥°, ®°),’s, k <
n — 1. Then, by the definition of ¥°, R(¥°,®°), |, = ~U(zi—1) and ~U(z;_1) €
Taﬂge(eR(Qo’\I;o”n_l), thus ¥[r(R(®°,¥°)|,—1)];_; = 0. By the inductive hy-
pothesis and by the definition of ¥[-], ,, it follows that ¥(R(®,¥)|,—1) = O.
Hence, R(¥,®),, _, = 0. We have thus established: 7(c) = 7(¢7)R(¥Y,®),,_;.
By the inductive hypothesis, it follows that 7(c) C R(U, ®)|,. This concludes the
proof of (33)(a).

(33)(b) By induction on n. For n = 0 the claim holds for every m € N. For n >
0, assume that for some m € N, R(¥, ®)|,_1 C7(R(¥°, ®°)|,,) and R(®, T)|,_1 =
T(R(®°,¥°)|m+1) (inductive hypothesis). For short, let 0 = R(¥°, ®°)|,41 and
i =|7(0)|. We prove that R(¥, ®)|, C7(0).

Observe that R(¥,®)|, = R(¥,®)|,R(¥, ), _,. We consider two cases:

Case 1: R(V,®), _, = 1. By the definition of R(V, ®), U(R(®,V)|,—1) = 1.
By the inductive hypothesis, it follows that ¥(7(R(®°,¥°)|n+1)) = 1. Observe
that | 7(R(®°, ¥°)|m+1) | = n—1, thus U[7(R(®°, ¥°)|m+1)],, = 1. This means that
Ul(zy) € range(eR(q)o’ \I,o)|m+1); by the definition of ¥° it follows that U(z,) =
Ve (R(®°,¥°)|m1), namely, U(z,) = R(¥°,®°),.. Then U(z,) € range(o) and,
by the definition of 7, 7(0), = 1. We have thus obtained: R(¥,®), | = 7(0)n.
Since R(V, ®)|, = R(¥, )|, R(V,®),,_,, it follows that R(V,®)|, C7(07)7(0)n,
by the inductive hypothesis. Then, by Lemma (32), R(¥, ®)|, C 7(0).

Case 2: R(¥,®), , = 0. Similarly to the proof of case 1 we obtain that
U[T(R(®°, ¥°)|m+1)],, # 1, with |7(R(®°,¥°)|n4+1)| = n — 1. This means that
Ulzy) ¢ range(eR((I,o, \I,o)|m+1). By the definition of ¥° it follows that U(z,) #
U°(R(®°,¥°)|;my1), hence U(z,) # R(V°,®°), . Then U(z,) ¢ range(o) (be-
cause of n — 1 < m), and, by the definition of 7, 7(c), = 0. We have thus
obtained: R(¥,®), , = 7(0)n. Since R(¥,®)|, = R(V, ®)|,R(V,®), _,, by the
inductive hypothesis it follows that R(¥,®)|, C7(07)7(0)n. Then by Lemma
(32), R(¥,®)|[, CE7(c). W

n—12

I E*||

(34) COROLLARY: For all U, € A}, R(U,®) = R(®,T) iff R(T°,&°) =
R(®°,T°).
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The next lemma says that, if R(¥,®) is not an infinite sequence, neither is
R(T°, 8°).

(35) LEMMA: For all ¥,® € A}, if for some n € N R(¥,®), is undefined, then
for some m € N R(¥°,®°),  is undefined.

Proof: Suppose that R(¥,®)  undefined for some n € N and let R(®, V)|, =
7(o) for some o € SEQ. By Lemma (33), 0 = R(®°,¥°)|,, for some m € N.
Then, R(¥,®), = ¥(7(R(®°,¥°)|m)). By the definition of ¥°, it follows that
T°(R(D°, T°)|m) = R(T°, ®°),  is undefined. M

Proof of Theorem (19): Let ¥, ® € A} be given. For the left-to-right direction,
suppose that ¥ 01-coordinates with ®. Then R(¥°, #°) and R(®°, ¥°) contain only
finitely many errors. (An error occurs in correspondence to a disagreement between
¥ and @, and only finitely many disagreements occur.) After the last error, ¥°
and ®° start describing their worlds: ¥°’s describes NU<\I,’<I,) by enumerating via
1 a subset of all literals true in NU<\I;,¢) under the assignment h. By Lemma (33),
only true literals become elements of ¥°’s description, and all true literals enter in
it. Since the order of literals is always the one induced by the list I, if a literal
is in ¥°’s description, then sooner or later it is output by ¥°. Indeed, as soon as
[ enters in ¥°’s description, by construction only literals preceding it in the list I
can be output by ¥°. As soon as all true literals preceding 8 are output, at the
next stage B is output by V°. Thus, there exists K € N, namely, the number of
literals occurring in R(W¥°, ®°) before the last error, last error included, such that
k|R(¥°,®°) is an environment for Ny ¢y and x|R(®°, ¥°) is an environment
for NU@’\I,). Since ¥ 0l-coordinates with ®, the symmetric difference between
U(¥,®) and U(®,T) is finite. Tt follows that both Ny, ¢y and Ny (g, vy belong
to Wy N'Wg. Hence, (¥°, Wy) and (®°, Wg) m-coordinate.

For the right-to-left direction, we claim that if ¥ does not 01-coordinate with &
then (¥°, Wy ) and ($°, Wg) do not m-coordinate. To prove the claim, suppose
that ¥ does not 01-coordinate with ®. Two cases arise:

Case 1: Either R(¥,®) or R(®, ¥) is not an infinite sequence. Then the claim
follows directly from Lemma (35).

Case 2: Both R(V,®) and R(®,¥) are infinite sequences and R(V¥,®), #
R(®, ¥), for infinitely many k € N. Observe that, by Convention (18), zo= 0 is
the first element of the list . Then, the construction of (¥°, Wy) and (®°, Wg)
ensures that in R(¥°, ®°) and R(®°, ¥°) there are infinitely many occurrences of
zo= 0 and —zo = 0. Thus, neither of R(¥°, ®°) and R(®°, ¥°) is an environment
for any world, not even after deleting finitely many literals. So, (¥°,Wyg) and
(®°, Wg) do not m-coordinate. B

6 Conclusion

We briefly presented a recursion theoretic paradigm of binary coordination equiv-
alent to the paradigm of “learning to coordinate choices” of [MO99], where two
players repeatedly interact in order to stabilize in the limit over two possible be-
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haviors. We then advanced and discussed a model-theoretic paradigm of pairwise
coordination. In our paradigm the agents preferences and beliefs are expressible
within a first-order framework. As the main result of this paper, binary coordina-
tion was shown to be reducible to a special case of model-theoretic coordination.
As a consequence, Montagna and Osherson’s paradigm is proved to be a special
case of our paradigm of model-coordination, in the sense that two 01-agents co-
ordinate if and only if their first-order equivalent basic agents coordinate in our
model-theoretic setting. An important difference between model-coordination and
binary coordination is that in the former the agents preferences and beliefs can be
modelled.
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